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Historically, the onset of geometric nonlinearity in structural mechanics is viewed
as akin to damage or failure. Consequently, the main focus of the practising
engineer has been to mitigate any nonlinear response. In preventing nonlinear
responses, engineers have inherently limited their useful design space. The moti-
vation behind this thesis pivots around the concept of embracing geometric non-
linearities, including instabilities, and understanding the benefits of considering
such phenomena, for designing novel features into structures. In encouraging a
paradigm shift to view structural nonlinearities as useful, it is demonstrated that
it is possible to design more efficient structures.
A literature search shows that the use of geometric nonlinearities is confined
to the development of meta-materials and non-load-bearing structures. This work
illustrates that embracing geometric nonlinearities in conventional engineering
structures yields significant improvements. In particular, this research focuses
on tailoring a structure’s nonlinear response by applying minor alterations to its
initial shape or geometry. This enables increases in structural capacity in the
form of (i) load-carrying capacity; (ii) compliance; (iii) extended stability. Three
distinct structural forms are evaluated, namely arched beams, frames, and shell
structures. Case studies are introduced for each of the three structures, and a
full exploration of the design space is conducted by employing a nonlinear finite
element method coupled with numerical continuation algorithms. The focus is
placed on the control and design of the buckling and post-buckling behaviour in
these structures, whereby a well-behaved structural response absent of unexpected
phenomena is sought.
To this aim the work begins by tackling one of the most common examples
of structural nonlinearity, a planar arch exhibiting the textbook “snap-through”
response. In designing for nonlinearity, the topology of the arch is optimised
for maximising the critical buckling load. The findings show that the design of
shallow arches using linear kinematic assumptions is antithetical to that of a design
accounting for the nonlinear response. These findings illustrate the limitations
entailed in optimising the shape of arches using linear assumptions, particularly
when the onset of an instability is the target design point. A distinct novelty to the
present work is the introduction of modal nudging, a paradigm which can improve
the capacity of structures without any significant increase in mass, and convert
imperfection-sensitive structures into imperfection-insensitive ones. Herein it is
shown that it is applicable to both frame and shell structures. The true complexity
of the post-buckled behaviour of axially compressed cylindrical panels, which has
often been described as “chaotic”, is shown for the first time. These results not
only elucidate the complex nature of post-buckling phenomena, but also highlight
the potential of modal nudging into transforming unsafe, unstable post buckling
behaviour into safe and stable.
In conclusion, the findings of this thesis bring about new opportunities for
the design of efficient structures with greater functionality. Hence, embracing
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Technological advancements generally progress in a logical and consequential man-
ner, usually from necessity, where each new discovery or invention is an improve-
ment of existing technology. The invention of Karl Benz’s world’s first gasoline-
engined motor vehicle, for example, would not have been possible without the in-
vention of Nikolaus Otto’s Otto engine less than a decade earlier. Equally, without
Gottfried Leibniz’s pioneering work on the binary number system, the now ubiq-
uitous computer would probably not exist as we know it today. These statements
are somewhat sizeable abstractions—however, they emphasise the point that the
next motor-car or computer will likely require one, or multiple, seemingly lesser
advancements to mature in order to come to fruition. Accepting, embracing and
exploiting structural nonlinearities in the design and analysis of structures is seen,
by the author, as another small step that may result in significant advancements in
technological design. Although, strictly speaking, nonlinearities have traditionally
been embraced in thin-walled structures for decades [1], their full potential are yet
to be exploited owing to the lack of powerful numerical methods.
Structural nonlinearity is a term used to describe the relationship between the
load and the displacement sustained by a given structure, thus for a nonlinear
structure its response is nonlinear, i.e. the displacement observed is not propor-
tional to the load sustained. The manner in which this response is nonlinear is
governed by a number of factors: the stress-strain relationship with a nonlinear
function of stress, strain, and/or time; changes in geometry due to large displace-
ments; irreversible structural behavior upon removal of the external loads; change
in boundary conditions such as a change in the contact area and the influence of
1
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loading sequence on the behavior of the structure; and a change in stiffness owing
to a change in displacement. The structural nonlinearities can be classified as
geometric nonlinearity, material nonlinearity, and contact or boundary nonlinear-
ity. This work presented in this thesis focuses solely on geometric nonlinearities,
a term which will be used interchangeably with structural nonlinearities.
Structural nonlinearities have been a topic of interest since 1744 when Euler [2]
laid the foundation for the formal analysis of structural (in)stability—a field which
has since matured to an integral division of structural analysis. A more recent dis-
cussion on the perspective of stability of structures can be found in the book by
Bažant and Cedolin [3]. More recently still is an interesting publication by Reis [4],
in which the notion of buckliphobia to buckliphilia is discussed. This demarca-
tion between buckliphobia and buckliphilia can be respectively summarised as the
current and the future perspective on structural nonlinearities. The traditional
engineering approach in the field is to study nonlinearities in relation to poten-
tial danger or damage; bifurcations are commonly seen as tipping points leading
to catastrophic failure (buckliphobia). In embracing structural nonlinearities we
reverse this viewpoint and, in doing so, identify applications and working condi-
tions in which large deformations are functional, desirable, and are thus used as
a design driver (buckliphilia). Consider the three conceptual examples illustrated
in Figure 1.1. Figure 1.1A–C correspond to the structural response of a column,
plate and cylindrical shell, respectively. Each structure is subjected to an axially
compressive load and the response (load-displacement) is respectively presented
in A.1, B.1 and C.1 for the column, plate and cylindrical shell. For the column
and plate (Figure 1.1A.2 and B.2) a short slenderness ratio results in the failure
mode being driven by material yielding, however, for longer more slender struc-
tures the failure criterion is dominated by buckling. Traditionally, this viewpoint
has resulted in a smaller design space, as we traditionally use linear assumptions to
define the limits of the design space and thus significantly limiting the freedom of
design. Significantly, when observing the structural response in Figure 1.1A.1 and
B.1, it is clear that both the column and plate carry additional load after buck-
ling (i.e. in the post-buckled régime); therefore a linear theory limits the design
space to this pre-buckled response and hence adopting a nonlinear theory enables
better exploitation of the available design space. The same cannot be said for the
more complex cylindrical shell structure in Figure 1.1C.1–2, in this instance the
load-carrying capacity is dramatically reduced after buckling, and therefore there
is limited scope to make use of the post-buckled régime for increased load-carrying










































































Figure 1.1: The susceptibility to buckling for three structures under axial
compression (A) Column; (B) Plate; and (C) Cylindrical shell. (A.1) Load-
displacement response for a column under compression, illustrating a linear
pre-buckling region following by a nonlinear post-buckling response. (A.2) The
critical load-carrying capacity against the slenderness ratio of the column; (B.1)
Load-displacement response for a plate under uniform axial compression; (B.2)
The critical load-carrying capacity against the slenderness ratio of the plate;
(C.1) Load-displacement response for a cylindrical shell under uniform axial
compression; (C.2) The critical load-carrying capacity against the slenderness
ratio of the cylindrical shell with a fixed diameter/thickness ratio.
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capacity. However, there is an opportunity to exploit the post-buckled response
if an increased displacement was an attractive feature, only in using a nonlinear
theory can we accurately design for the well-behaved deformation of these shell
structures.
A paradigm shift is therefore emerging in the literature [4, 5] with the bur-
geoning trend of buckliphilia. Buckliphilia, however, may be seen as a subset of
a larger movement of well-behaved nonlinear structures that embrace geometric
nonlinearities as a whole and are not only restricted to the effects of buckling.
Potential uses for this well-behaved nonlinear structures philosophy are observed
in a range of disciplines, including those illustrated in Figure 1.2, which is not an
exhaustive list but simply shows the extent of the appeal of nonlinear structures.
Across each of these fields there is evidence to suggest that the current limitation
in design is not attributed to the imagination of design engineers, but due to the
limitation of the numerical methods currently employed.
Throughout the engineering community, studies concerning nonlinear struc-
tures have traditionally relied upon energy methods. Although a wide range of
different methods exist, each harbouring their own qualities, the semi-analytical
Ritz methods, weighted residuals or finite element discretisations are the most
commonly used. In structural analysis the robustness of the technique is of partic-
ular importance as the chosen method must be scalable to the arbitrary structures
found in industrial applications. Of these methods the finite element framework
is best suited. The finite element method is therefore widely used in structural
mechanics and exist in a wide range of commercial software. However, the com-
monly used commercial software packages comprise rudimentary methods of im-
plicit nonlinear solvers, and thus ill-equipped to deal robustly with the intricacies
of nonlinear problems. Hence, in order to embrace the geometric nonlinearities in
a robust manner whereby well-behaved structures can be designed, we must make
use of less-conventional but seemingly more powerful methods. Generalised path-
following is considered, by the author, as a technique that holds great potential
in this regard. Having previously been used by Eriksson [6], the generalised path-
following technique combines the robustness of numerical continuation—commonly
used in the applied mathematics community [7]—with the geometrical versatility
of the finite element method.
















Figure 1.2: Embracing geo-
metric nonlinearities could be
beneficial to a number of dis-
ciplines, although the tech-
nologies of many of these dis-
ciplines overlap to a certain
extent, each can benefit in
some way from the advance-
ments of well-behaved nonlin-
ear structures.
1.1 Research Motivation
Microelectromechanical systems (MEMS), and its subdivision Lamina emergent
mechanisms (LEMs), is one of the fastest growing sectors which has seemingly rein-
vigorated the interest in nonlinear structures. Examples of each are presented in
Figures 1.3A and B, respectively. This sector includes such divisions as microsen-
sors, microactuators, microelectronics and microstructures, which are common in
many consumer markets from consumer electronics, automotive and healthcare,
to aerospace, telecommunications and defence. MEMS structures are essentially
multiple unit structures that are often combined together to tailor an overall struc-
tural response which is vastly different to that produced by a single unit, often
resulting in a cascade of choreographed instabilities. Historically, MEMS have
been commercialised since the 1960s [8], however it is only within the 21st century
that we see this shift towards well-behaved nonlinear structures emerge. As out-
lined by Bogue [8], the success of MEMS have occurred in three distinct waves,
namely: (i) 1970s onwards saw the applications of MEMS in low volume, high cost
products predominantly targeting the aerospace sector; (ii) 1980s onwards, where
the automotive industry began to see the benefits of MEMS, which enabled the
reduction of cost and an increase in volume productions; and (iii) finally, 2000s
onwards, whereby consumer goods adopted MEMS which resulted in ultra-high
volumes and very low cost products. However, in reviewing the third wave in
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greater detail, it is evident that this wave has furthered the intensity in geomet-
ric nonlinearities and instabilities more than the previous two. This illustrates
the positive effects that well-behaved nonlinear structures can have on furthering
advances in technology.
The improved computational reliability is seen as the causation of the bur-
geoning interest in nonlinear structures within the MEMS sector. This is driven
by the underlying physics of MEMS problems combining mechanical, electronic
and magnetic phenomena, each harbouring their own form of nonlinearities. This
is therefore inherently complex and the computational approach is equally so. A
numerical approach [8–10] to analysis is therefore almost always necessary.
An example of geometric/structural nonlinearities being to improve MEMS
structures can be found in [11] whereby embracing these nonlinearities has enabled
the realisation of cost-effective, high-performance deformable mirrors for adaptive-
optics-enhanced imaging. Furthermore, the snapping behaviour of shallow arches
has been used to improve the dynamic response of the MEMS structures used
within energy harvesting applications [12].
Closely related to MEMS and LEMs are the fields of HCI (human computer
interaction) and robotics, although many of the nonlinearities are a result of the
inclusion of MEMS devices, there also exists a wider mentality embracing the
nonlinear response of structures, particularly in the form of soft-robotics [13, 14].
However these structures are often complex and therefore pose a challenge in
the design phase. This sector is also experiencing shortcomings with the current
numerical tools available—highlighted by Runge and Raatz [15] with the following
statement:
. . . the lack of sophisticated design and modelling tools is one of the
major issues restraining the proliferation of soft machines in industry
and other application areas. . .
This sentiment is a significant motivation to the work carried out herein. As
the lack of design and modelling tools for nonlinear structures is not limited to
the MEMS, LEMs and HCI disciplines, but is a factor that has influenced all
disciplines.
Another discipline loosely associated to soft-robotics is metamaterials. These
are materials that have been engineered to possess properties that are not found
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in naturally occurring materials—they are also known as architectured materials .
These structures traditionally exploit the structural nonlinearities rather than the
material nonlinearities, as the name suggests. Common approaches are to define a
structure as an arrangement of mono-, bi- and multi-stable components [5, 16, 17]
analogous to the process used in MEMS, but at a meso-to-macro level, to tailor a
given response (See Figure 1.3D). Within this discipline we see the most prominent
drive towards the buckliphilia mentality, however, the vast majority result in novel
structures [16, 18] that are currently of little use in industrial application. The
common approach used in the analysis of metamaterials is the finite-displacement
technique, which is inherited from origami inspired structures [19–21].
Currently of academic interest, with limited industrial relevance, tensegrity
structures pose an interesting topic for the current discussion. The term tenseg-
rity was first coined by Buckminster “Bucky” Fuller combining the terms ‘ten-
sional’ and ‘integrity’. However, the original concept was devised by a student
of his, Kenneth D. Snelson—who had originally used the more descriptive term
floating compression structures. Schenk et al. [22] exposed an interesting insight
into the use of zero-stiffness modes in tensegrity structures by the presence of
zero-free-length springs. This enables the mechanism-like behaviour, with large
deformations, which require no energy to move—even over finite displacements.
Traditionally tensegrity structures are designed in such a way that all bars are in
pure compression and all strings are in pure tension—the textbook example of this
is the tensegrity-ball illustrated in Figure 1.3C. Therefore the compressive buckling
capacity of the bars is a topic of interest to the designers, and conventionally the
structure is assumed to fail if any of the bars experience a load greater than the
Euler buckling load. Although this local buckling is often considered a phenom-
ena to avoid, research is also being carried out to prevent global buckling of these
structures [23]. More recently however, the tensegrity field is embracing geometric
nonlinearities and Rimoli [24] has made some progress in this area. This discipline
is, however, in its early development stages and currently unsuitable for practical
application. With improved numerical tools it could provide an additional avenue
for the incorporation of such structures in industrial applications.
The aerospace industry is currently keen on exploiting structural nonlineari-
ties, as designing for nonlinearities is a sure way to exploit the full capacity of a
structure and/or material [25]. Thus recovering an improved structural efficiency
and hence minimising energy input. This approach requires continual redesigns




Figure 1.3: (A): MEMS with rotary bearing surfaces and interlocking gears
from [26]; (B): An example from [27] of a LEMs device in its actuated position,
lamina emergent torsional joints are used in a spherical form; (C): An example
of a tensegrity structure, the wooden rods are in pure compression and the black
elastic members are in pure tension; (D): Metamaterials from [28] illustrating
the cascade of choreographed instabilities resulting from an applied compression.
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and optimization of various structures for weight, manufacturability and cost. A
continuous extension of the largely linear structural philosophies prevalent in the
design of airframes today will not enable engineers to meet the challenging weight
reductions dictated by the eco-targets of the future. It is unrealistic to place
the onus on the engine designers to improve the environmental impact of airlin-
ers, and thus the overall mass of the aircraft needs to be managed accordingly.
Furthermore, in embracing the geometric nonlinearities for improving structural
efficiencies also allows the designers to tailor the stiffness further. Stiffness tailor-
ing enables the design of structures that are able to passively change their shape
and tune themselves to meet the different operational requirements— thus recov-
ering additional economical improvements beyond a reduction in mass. This forms
the basis of morphing structures.
Furthermore, any reduction in aerodynamic drag results in fuel saving and
any reduction in structural mass results in an increased potential payload, both
increasing overall revenue for the operating airliners. These two design criteria
cannot be exploited with a linear analysis alone. For example, the requirements
of increased aerodynamic efficiencies have led to the evermore popular fields of bi-
stable [29–31], multi-stable [17, 32] and morphing structures [33–38] where aerody-
namic structures are designed to morph or snap into a secondary structural state
which is more aerodynamically desirable. However, this field has largely been
driven by an analytical approach to structural mechanics and is therefore expe-
riencing a slower transition through the technological readiness levels (TRL) into
industrial application. In using numerical tools, that are commonly used in indus-
try, this transition of research and understanding will progress from the academic
TRL levels through towards the industrial TRL levels at a greater pace.
Although a keen interest in geometric nonlinearities currently exists through-
out a wide range of sectors, and also through a range of length scales, their use
cannot yet be considered widespread. There are in essence three significant factors
that have hitherto impeded the full appreciation of such nonlinearities, namely;
(i) the lack of sufficiently robust computational tools to evaluate geometric nonlin-
earities; (ii) the time-consuming nature of solving nonlinear problems, particularly
during the design phase where parametric studies are often the most desirable ap-
proach for optimisation or when imperfection sensitivities are conducted; and (iii)
a cultural understanding of nonlinear structures. This latter point is in relation
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to nonlinearities generally being associated to some form of danger, damage or
failure.
It is thought that the work presented herein is capable of alleviating these
aforementioned concerns; the first two points can be quantifiably addressed with
the application of the generalised path-following technique and the third point will
be addressed to some extent with the case studies provided.
Therefore, in summary, the motivation for the current research is driven by the
need for (i) lighter, more efficient load-carrying structures across a wide range of
disciplines; and (ii) shape-addaptive structures which increases the functionality
of traditional structures. Thus, embracing structural nonlinearities is a necessity
to achieving these goals. However, as previously highlighted, the drawback of
designing for nonlinearities centres on the lack of sufficiently robust numerical
tools. Therefore a parallel motivation for the current research is to illustrate that
there does exist sufficiently robust tools available to the design engineer, however
they are currently not used within the design of structures, but are found within
the applied mathematics discipline1.
1.2 Objective of present research
The aim of the present research is to embrace nonlinearities in the design of conven-
tional engineering structures. Pioneering the paradigm shift towards well-behaved
nonlinear structures, and expanding current philosophies such as the buckliphilia
movement to include common engineering structures, and not only limiting the
application to more unconventional novel structures. The motivation is that this
will lead to improved structural capacity, and thus the design of more efficient
engineering structures. There is an overall objective of developing a greater un-
derstanding and appreciation of geometric nonlinearities, including elastic insta-
bilities. Particular focus is placed on the effects of altering the initial geometry
of structures to improve structural capacity—in terms of an increased controlled
deformation, load-carrying capacity and/or stability.
1A more in-depth discussion of these numerical tools are found in Chapter 2
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1.3 Thesis outline
Chapter 2: A complementary discussion of the literature surrounding those dis-
ciplines mentioned in chapter 1 is presented. Particular attention is placed on
the aforementioned paradigm shift, highlighting the benefits of employing the nu-
merical continuation technique in evaluating and designing nonlinear engineering
structures. This chapter closes with a brief discussion of the literature focusing on
buckling, post-buckling other structurally nonlinear phenomena in structures.
Chapter 3: The research herein makes use of the numerical continuation tech-
nique coupled to a nonlinear finite element method. This chapter provides a brief
overview of the numerical intricacies involved. The chapter closes with a qualita-
tive overview of the nonlinear finite element analysis framework, including both
structural and continuum elements.
Chapter 4: A shallow arched beam structure is presented as an example illus-
trating the approach to using generalised path-following as a design tool. The
discussion focuses on the demarcation of the design of a linear shallow arch design
and a nonlinear shallow arch design.
Chapter 5: A simple and elegant method is introduced which enables tailoring of
the nonlinear response of a given structure. The technique termed modal nudging
makes use of information from the post-buckled regime in order to modify the
unloaded stress-free geometry and alter the overall response of the structure. The
technique is shown to increase structural compliance and load-carrying capacity
of engineering frame structures, with minimal gains in mass.
Chapter 6: The generalised path-following technique is applied to cylindrical
shell-like panels whereby the true complexity of shell-structures is uncovered for
the first time. Furthermore, the previously introduced modal nudging technique
is successfully applied to the cylindrical panels which results in a well-behaved,
compliant structure with an increased load-carrying capacity over the original
response.
Chapter 7: Concludes the research presented herein and discusses the potential





This chapter is composed of two distinct sections; the first provid-
ing a brief overview of the industrial and academic sectors that are
currently tackling geometric nonlinearities, highlighting their current
limitations. Therein a demarcation of two distinct research trends is
discussed: (i) those researchers viewing geometric nonlinearities as a
form of failure and must therefore be avoided; and (ii) those that are
accepting and embracing nonlinearities in order to improve designs or
adding functionality to structures. The latter fuelling the burgeoning
paradigm shift towards well-behaved nonlinear structures. The sec-
ond section is an historical discussion of the numerical continuation
technique, and describing its transition towards the generalised path-
following method used herein. The aim is to provide a brief overview of
the appropriate literature enabling the reader to understand the wider
significance of the current research. However, chapters 4–6, each in-
clude a brief discussion of the literature which is more relevant to the
research presented therein.
2.1 Introduction
Geometric nonlinearities exist within a range of conventional engineering
structures and are not only limited to the novel and unique structures found in
academia and research. Engineering structures, common in the civil, mechanical,
and aerospace industries, such as struts [39], arched beams [40, 41], conventional
beams [42], frames [43], and shell structures [44] are the most frequently studied
for geometrically nonlinear responses.
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Slender and thin-walled structures are particularly prone to geometrically non-
linear responses. These geometric nonlinearities exist in many forms, they are ob-
served across a range of length scales, and they are commonly studied in engineer-
ing applications for a wide range of reasons. In micro- and meso-scale applications
thin-walled structures are exploited for their ease of manufacture and ability to
deform significantly without failure, thus providing unparalleled functionality that
relies on nonlinear behaviour. In macro-scale applications, such as the aerospace
and automotive sectors, thin-walled shell structures are used for their structural
efficiency.
In structural mechanics, geometric nonlinearities often present themselves as
instabilities e.g. buckling and wrinkling, and have long been considered forms
of failure. In the case of material nonlinearity, where plastic deformations irre-
versibly change the elasticity of the material, avoiding nonlinearity is often a good
heuristic. On the other hand, reversible elastic nonlinearities can be employed
for additional functionality. As a typical example, elastic snap-buckling of a shal-
low arch can be viewed as a failure mode if the application is a footbridge, but
can equally be treated as a valuable mechanism for rapid and reversible shape-
change in applications such as energy-harvesting devices [45]. In this sense, while
buckling is historically viewed as a failure event with little practical significance,
exploiting buckling for smart functionality has become a prevalent theme in the
literature [4, 46].
2.1.1 Avoiding failure
Arched structures are known to exhibit instabilities and are a textbook example of
the “classic” snap-through buckling behaviour. In fact, snap-through instabilities
of arched structures occur in a wide range of applications, from the tailorable de-
sign of micro-electromechanical systems (MEMS), to the meso-scale light-switch
type structures, and further still, to the failure of macro-scale civil structures.
In civil engineering applications, the approach has been to use large factors of
safety to avoid such structural behaviour, which is a perfectly understandable
approach due to the risk to human life. Large-scale slender arched structures, par-
ticularly those whose loading capacity is intrinsically linked to the deformations
sustained, are particularly prone to instabilities. Carpinteri et al. [47] present an
industrial example illustrating the importance of nonlinear analysis for a modern
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roof-structure. Carpinteri concludes that current linear methods are insufficient
in predicting the post-buckled state and, most importantly, the load-carrying ca-
pacity of the roof. The use of such linear analyses is driven by their ease of
implementation, however in doing so they curtail the design space and therefore
limit our understanding and knowledge of how the structure would respond. In-
turn this leads to the over-design of such structures to ensure they act within a
linear regime. In civil applications, geometric nonlinearities have therefore tradi-
tionally been greeted with apprehension as the design philosophy has often been to
mitigate the onset of these nonlinearities—however, it must be noted that plated
structures have allowed for nonlinearities in the field of civil engineering since the
1940s [48], and also in aerospace engineering since the 1930s [49].
Lightweight structures, common in the aerospace and automotive industries,
often in the form of thin-walled and slender structures, are highly susceptible to
sudden and catastrophic geometric nonlinearities and instabilities [50, 51]. Fur-
thermore, there often exists a large discrepancy between analytically predicted
design loads and the experimentally measured critical loads [52] for these types
of structures. This phenomenon has resulted in the over-design of structures due
to a common use of empirically derived, conservative knock-down factors [53, 54].
The application of applying knock-down factors is particularly common in the
design and analysis of thin-walled and slender shell structures [55], owing to the
fact that the load-carrying capacity of the “perfect” structure is seldom recov-
ered in practice. This disparity between the theoretical and experimental critical
load is attributed to the fact that the load-carrying capacity of thin-walled and
slender structures is adversely affected by imperfections. The source of these im-
perfections is varied and commonly attributed to the variability introduced by the
manufacturing techniques or, among other reasons, to the imperfect loading or
boundary conditions. The post-buckling load-carrying capacity of shell structures
has long been of interest to engineers [56] and the topic of imperfection sensitivity
is a topic which has been debated for decades [57] and both are of particular rel-
evance to the current discussion. Thus there exists a propensity for the establish-
ment of nonlinear structures whose response are imperfection-insensitive, where
the application of traditional engineering structures can benefit from generating
a controlled post-buckled behaviour. A common approach used in the mitigation
of this catastrophic failure is to employ some modification of geometrical features,
or boundary conditions, in order to aid in the control of a structure’s response.
Shell-like structures seem to respond positively to these changes, thereby resulting
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in a seemingly well-behaved critical response void of catastrophe. Several recent
studies [58–61] have illustrated the benefits of an applied imperfection/geometry
change in the design of shell-like structures. Shell structures have a pronounced
and detrimental sensitivity to imperfections [62]. The combination of imperfection
sensitivity and the stochastic nature of imperfections leads to uncertainty during
design [52], which means that imperfection-sensitive structures, such as cylindri-
cal shells under axial compression, are designed with empirically derived and often
conservative knock-down factors [55].
Predominant in the field of imperfection-insensitivity are the works of Mang
et al. [63] and Schranz et al. [61] who investigate potential means of transforming
imperfection-sensitive designs into imperfection-insensitive ones. Their research
shows that this shift can be achieved by (i) altering the thickness of the structure;
(ii) attaching auxiliary members (e.g. springs); and (iii) varying the geometry
of the structure. Although this approach can be highly effective, it has draw-
backs if certain geometrical space constraints need to be imposed, or when it is
not possible to fix additional components to the structure. Ning and Pellegrino
[60] show that the imperfection-sensitive cylindrical shell under axial compression
can be transformed into an imperfection-insensitive design by changing the cross-
sectional topology. In doing so, the cross-section is transformed from circular to
wavy, potentially rendering the new structure geometrically less useful for oper-
ation in service. Ning and Pellegrino [60, 64] adopt a similar approach as they
design cylindrical shell structures with a wavy cross-section to ensure the structure
is less sensitive to imperfections—essentially applying an imperfection so large that
it can no longer be seen as an imperfection, but a geometry change resulting in an
entirely new stable and controlled structural response. The concept of applying an
imperfection in the form of a linear bifurcation mode and nonlinear post-buckled
mode shape were conducted [65] and were shown to generate similar responses to
one another for large-scale cylindrical shells. With the advent of composite mate-
rials the ability to control the critical stability of structures improved. Vaziri [66]
evaluates the structural response of axially compressed cylindrical shells with the
inclusion of a crack in the structure using a linear eigenvalue analysis. Abramovich
and Bisagni [67] experimentally investigated the first buckling loads of five differ-
ent cylindrical panels and show a large scatter between results. White and Weaver
[68] introduced an interesting concept for imperfection-insensitive cylindrical shells
by using the stiffness-tailoring capacity of fibre-reinforced plastic materials. By
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means of an optimisation framework, White and Weaver [68] showed that lami-
nated composites with curvilinearly varying fibre paths can be used to tailor the
elastic modulus across cylindrical panels such that there is no degradation in ax-
ial stiffness in the post-buckling regime. In this manner, the typically unstable
“shell-like” post-buckling response can be transformed into a more benign stable
“plate-like” response. Similarly, Wu et al. [69] used the technology of fibre-steering
to tailor both the fibre orientation and thickness of composite panels under com-
pression to optimise to an effectively “buckle-free” structure with negligible loss
of axial stiffness in the post-critical regime. The interest, however, is not limited
to cylindrical shells, as toroidal, torispherical and domed structures are all equally
relevant to the present discussion. Bielski [70] analysed toroidal shell structures
and concludes that it is possible to maintain a stable post-buckled response with
an ovalisation of the meridional section of the structure. Lu et al. [71] analysed
the effects of increasing the applied stochastic imperfections on torispherical pres-
sure vessel, noting that beyond a particular magnitude of applied imperfection,
the structural response seems to increase in compliance and seemingly converges
to the same equilibrium response irrespective of any additional increase in the
magnitude of the imperfection. Thereby resulting in an imperfection-insensitive
structure. More recently Lee et al. [72] evaluated the critical response of spherical
elastic shells under pressure loading with an emphasis on how their knock-down
factors are affected by an engineered dimple-like imperfection. Their findings il-
lustrate that a direct relationship exists between the critical buckling pressure and
the geometry of the imperfection. Furthermore, to this author’s knowledge, they
are the first to show experimental knock-down factors can be accurately predicted
for spherical shells using numerical tools.
Nevertheless, as with all of the aforementioned approaches, nonlinearities are
not the focus of the research, but appear widely. The research is instead focused
entirely on the avoidance or mitigation of nonlinear effects whilst concentrating on
the critical buckling load first and foremost. Often by the application of a knock-
down factor or alternatively by modifying the geometry or boundary conditions
on the premise that any post-buckled response is a form of failure and must be
controlled/avoided. However, this perception of post-buckling is slowly changing.
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2.1.2 From failure to function
The paradigm shift from failure to function can be seen in three distinct forms
throughout literature. Within academic research the biggest proponent appears to
be the field of metamaterials and novel structures. However, within industry and
practical engineering, MEMS appears to be the biggest advocate for nonlinear
structures, particularly relating to energy harvesting. That being said there is
an additional association of academic researchers working towards the ideology of
useful nonlinearities in conventional engineering structures, as opposed to novel or
unique structures that have limited applicability. This latter association to failure
to function first appeared in the literature during the mid-2000s with Wadee [73]
and also more recently by Wadee and Champneys [74], both publications pre-date
the introduction of the “buckliphilia” philosophy by Reis [4].
Metamaterials, is a term often used to describe advanced structures that ex-
ploit structural nonlinearities rather than material nonlinearities. Common ap-
proaches are to define a structure as an arrangement of mono-, bi- and multi-stable
components [5, 16, 17] at a meso-to-macro level. Three-dimensional lattice struc-
tures which tend to embrace both the geometric and material nonlinearities, are
a common example. Paulose et al. [75] discuss such structures where localised
buckling is the main concern. In the analysis of such structures, employing the
finite-displacements method is a particularly common approach which is inherited
from origami-inspired structures [19–21]. Metamaterials have been embraced by
the buckliphilia movement, and as such, have resulted in a wide range of novel
structures that, as of yet, have limited practical use, included in this category
are the novel self-encapsulating structures [16], soft fluid actuators [5], and other
metamaterials [18, 76–79] with a multitude of potential functions and applications.
Many of these structures can be considered well-behaved nonlinear structures, how-
ever the general focus this field is to develop novel structures as opposed to harness
the nonlinear response or capabilities of conventional structures.
In an industrial environment, the microelectromechanical systems have also
made use of well-behaved nonlinear structures [8, 80–82] due to the increased
efficiencies recovered with nonlinear structures. These nonlinear MEMS struc-
tures are of particular interest to energy recovery or energy harvesting applica-
tions [83, 84]. While the power levels that can be reached are typically modest
(microwatts to milliwatts), the key motivation is to avoid the need for battery
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replacement or recharging in portable or inaccessible devices. Andò et al. [83]
show that energy harvesting applications can be improved with nonlinear designs,
whereby monostable, bistable and multi-stable structures designed to harvest en-
ergy from mechanical vibrations are shown to be up to 400% more efficient than
the the linear equivalent. A phenomenon found within MEMS but also at a macro
scale is the zero-stiffness compliant joint [85]. These too possess a geometric non-
linear response, but are currently investigated as a proof of concept and are yet
to be fully exploited in industrial applications. Snap-buckling plays a significant
role, at the micro-scale, for the design of MEMS structures [9, 86, 87]. Micro-
electromechanical systems provide a particularly challenging problem since the
topic couples a number of disciplines, from solid and fluid mechanics to thermo-
mechanics and electromagnetism. All of these fields can introduce their own forms
of nonlinearity and these can interact in a complex manner to yield emergent phe-
nomena that are difficult to predict.
Typically the MEMS sector is dominated by linear structural responses, which
are used for pressure sensors, accelerometers and microphones. Nonlinear applica-
tions are quickly finding their place and are proving to be a significant improvement
over their linear counterparts. The medical sector has also aided in the advance-
ment of nonlinear structures within MEMS for drug-delivery and drug-dosing sys-
tems. Tsai and Sue [82] present a comprehensive review on this topic and present
an opportunity for further development by means of a greater understanding of
the nonlinearities at play. The MEMS sector is also strongly integrated into the
smart-structures sector [9, 87], and these too offer an attractive opportunity for
exploiting nonlinear structures.
The third form of research within the advocacy of well-behaved nonlinear struc-
tures—which is also most aligned to the present thesis—is that which is exploiting
the nonlinearities of conventional structures such as beams, plates and shells and
their various guises. The aerospace industry, for example, has experienced a sig-
nificant shift in momentum towards morphing structures [88–99], where geometric
nonlinearities are intrinsically linked to the principles of morphing. Although in
some forms the research is focused on the creation of mechanisms, many others
are favouring the simplified systems of compliant structures, traditionally in the
form of shells but also beam and frame structures with a compliant skin. The
reader is directed to [100, 101] for a comprehensive review of morphing structures
and morphing skins in the aerospace industry.
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In a more general setting, recently—in a similar vein to buckliphilia Reis [4]—
Burgueño and co-workers [46, 58, 59, 102, 103] have published extensively on
tailoring the post-buckling behaviour of slender structures for smart applications,
and therefore viewing these geometric nonlinearities as a feature rather than a
failure. They postulate that the mode-jumping characteristics (number of mode
jumps, load drops during mode jumping, hysteretic energy dissipation, etc.) in
the post-buckling regime of axially compressed cylindrical shells may be controlled
by patterned stiffness distributions, lateral constraints and laminate stacking se-
quence variations [58]. Similarly, the elastic post-buckling response in terms of
initial and final stiffness can also be tailored using modal superpositions of buck-
ling modes seeded as initial imperfections [104]. This approach of using a seeded
geometric imperfection (SGI) is also valuable for reducing the imperfection sensi-
tivity of axially compressed cylindrical shells [59, 105].
Thus, a burgeoning paradigm shift of embracing the potential of well-behaved
nonlinear structures is emerging but has yet to be fully exploited. The benefits
of doing so are vast, however the task itself is challenging. Although embracing
nonlinearities (in the form of instabilities) such as buckling and post-buckling have
experienced this paradigm shift from one of avoidance to one of acceptance, its
growth has been slow. This torpid growth is attributed to the fact that geometric
nonlinearities pose a great challenge for the design engineer whereby a well-behaved
nonlinear response is difficult to predict and therefore design. Currently, engineers
are searching for new and improved analysis techniques for predicting the nonlinear
response of structures across a range of sectors, as the current methods are not
sufficiently reliable. Analytical methods are found wanting and thus aiding in the
interest in numerical techniques, and this is a general consensus regardless of the
objectives of the research, or the fields of interest.
The following section introduces the numerical continuation technique and
discusses its evolution into the generalised path-following technique. Although
many researchers have used numerical continuation in structural mechanics—on
sandwich panels, thin-walled struts and beams, and pre-stressed stayed columns
[106–120]—the method has not found its way into commercial software packages.
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2.2 Generalised path-following in structural me-
chanics
Although nonlinear structural problems have been discussed in the literature for
decades, their progress has essentially been curtailed by the lack of sufficiently
robust computational tools available. There are in essence three factors that are
essential for numerical tools in the furtherance of the paradigm shift towards the
development of well-behaved nonlinear structures: (i) the solution procedure must
be sufficiently robust; (ii) this technique needs to reduce computation time/work-
load; and (iii) the technique must combine with commonly accepted methods such
as the finite element method.
Owing to the wide range of sectors embracing nonlinearities, there exist many
methods of analysis in the design of nonlinear structures, each with their advan-
tages and disadvantages, however, all appear to lack certain qualities and thus
are not considered to be sufficiently robust. All of the numerical tools used in
literature can be loosely assigned to one of the following classifications: classical
semi-analytical (linear and higher order methods); linear and nonlinear finite ele-
ment based methods; conventional path-following methods (e.g. arc-length); and
finally generalised path-following.
Analytical and semi-analytical methods have traditionally been used for the
development of morphing structures [29–31] owing to their ease of implementation
and low computational cost, however, the high-degree of nonlinearity cannot al-
ways be predicted with such methods. Classical buckling theory is a popular tool
for designing structures prone to instabilities, albeit too with limited applicability
as it assumes a linear pre-buckling state.
While so-called incremental-iterative nonlinear finite element methods are more
accurate, they are considered to be complex and computationally costly to imple-
ment. There appears to be little question that these incremental-iterative meth-
ods represent by far the most popular procedures for the solution of nonlinear
structural mechanics problems. Conventional path-following techniques are based
on a single parameter, either: displacement [121, 122], load [123, 124], external
work [125, 126], arc-length [127–132], or others [133], and each technique recovers
a single load-displacement equilibrium curve, as illustrated in Figure 2.1A. It is





















Figure 2.1: A conceptual illustration of a hypothetical structural response ex-
hibiting the classic snap-through behaviour, highlighting the necessity for robust
branch-switching; (A) The snap-through response found using a conventional
arc-length method, Riks or similar, with the linear eigenvalue analysis to deter-
mine the critical load (black linear arrow); and (B) Found using the generalised
path-following technique. Without the ability of to detect bifurcation points
and the ability to branch-switch, a design engineer would not be aware of the
branch emanating from point B, and would therefore not be aware of the actual
structural response, i.e. snapping from A to C, then once again from D to E.
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apparent that the arc-length method is the most powerful of these where Riks
[128] is the most commonly used in academic and commercial software [134].
However, the arc-length methods commonly used in structural mechanics are
found wanting with regards to exploring the entire useful design space of non-
linear structures. The robust design of nonlinear structures requires additional
information which is often overlooked by the design engineer, this is largely due to
the fact that the tools were not designed for nonlinearities in mind. Consider the
commercial nonlinear FE packages such as Abaqus for example; the arc-length
method employed is Riks, however it was not created with the design of nonlinear
structures, or for the exploration of deep post-buckled and bifurcation analyses in
mind. The discovery of critical points is a significant factor that many methods
do not seem to have the capability of doing so. Therefore the current approach is
to evaluate the pre-buckling response using these FE packages, and then employ
a relatively straightforward linear eigenvalue analysis. However, the limitations of
this technique are clear when evaluating a response whose pre-buckling response
is nonlinear in nature. In this instance a linear eigenvalue analysis will recover
a significant error in its estimation. Consider the generic snap-through response
illustrated in Figure 2.1A, for example, it is evident that the location of this pre-
dicted critical point is at a significant distance from the equilibrium path itself.
Therefore it cannot be possible to accurately design nonlinear structures using this
approach, particularly when we see this nonlinear pre-buckling phase. That being
said, the approach remains an acceptable route when evaluating some shell struc-
tures as their response is traditionally linear pre-buckling and their post-critical
response, more often than not, produces a sharp cusp, and thereby resulting in a
small distance between the actual and predicted critical points. However, the de-
sign engineer cannot always be sure that this is the case as the actual response may
exhibit a nonlinear pre-buckling phase and thus the difference between predicted
and actual critical points is significant.
The numerical tool used for the design of well-behaved nonlinear structures
requires the ability to explore the entire design space, and this requires firstly the
location of critical points (both limit (See point A in Figure 2.1A) and branching
points, see point B in Figure 2.1B), but secondly the ability to follow these branch-
ing points without any onerous user input—thus branch-switching is a required
function. Figure 2.1B illustrates the importance of this concept. Although the
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response presented is arbitrary and entirely hypothetical at this stage, the senti-
ments are nevertheless important for the robust and accurate design of nonlinear
structures. Using a conventional solution procedure, as found in most commercial
software, the design engineer would recover a result identical to that of Figure 2.1A.
An engineer interpreting the response would assume that the structure naturally
snaps from point A to point F, however on comprehensively exploring the design
space, the response in Figure 2.1B could be found. In the latter it is evident that
a secondary branching path is discovered which has a stable, and thus physically
viable, response. In this instance, the structure is unlikely to snap from A to F as
initially predicted, but would rather first snap from A to C, and then on increasing
the load further would snap for a second time from point D to E. Without the
ability to trace branching paths this understanding is not possible. Finally, the nu-
merical method also needs to evaluate the stability of the structural response—as
illustrated in blue (stable) and red (unstable) in Figure 2.1B.
The generalised path-following solution procedure shows the ability to satisfy
each of these aforementioned criteria, and in addition also allows the exploration of
an n-dimensional design space. The benefits of generalised path-following over the
conventional or commercial finite element methods can be summarised as follows:
• It is an arc-length based path-following method and therefore able to trace
snap-through and snap-back response.
• It has the ability to find critical points and distinguish between limit points
and branching points.
• It is capable of branch-switching and thus tracing these branches.
• It is able to define the stability of the solution path.
• It has the capability to path-follow in any number of parameters, not only
in a load-displacement sense, but a third (or more) dimension(s) can be
introduced which will represent another parameter such as thickness, length,
Young’s modulus etc. (See Figure 2.2). In doing so it is able to produce a
surface response as opposed to a single curve in single-parameter space (i.e.
load-displacement) as is the norm in commercial software.
• It has the ability to trace pitchfork bifurcation paths and fold-lines (See
Figure 2.2) in multi-parameter space.














Figure 2.2: An arbitrary equilibrium surface manifold. In a generalised path-
following algorithm, various paths along this equilibrium surface may be solved
by defining particular auxiliary equations. For example, by fixing a parameter, a
parametric path is traced in the conventional load-displacement space, however
it is also possible to fix the displacement, and trace a solution equilibrium in
parameter-load space, or alternatively by fixing load, we trace a solution in
parameter-displacement space.
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Consider once again the solution curve in Figure 2.1B. Only a single param-
eter (in this case, load) is used to trace the equilibrium path. The true power of
generalised path-following is presented in Figure 2.2, where it is possible to de-
fine a solution surface or load-displacement-parameter space. This solution mani-
fold is parametrised by any number of variables that can influence the behaviour
of the structure, e.g. material properties, geometric dimensions, imperfections,
etc. Hence, traditional arc-length methods available in commercial finite element
solvers are degenerate cases of a generalised path-following technique, whereby the
only parameter that can be actively varied in these commercial solvers is the load-
ing factor. The capabilities of a generalised path-following technique exceed those
of conventional path-following methods by enabling visualisation of the structure’s
behaviour in multi-dimensional space. Established methods for exploring a nonlin-
ear design space require computationally expensive parametric studies. With the
application of the generalised path-following technique, however, the design space
can be evaluated within a single solution process, for any number of parameters.
This technique allows any number of parameters to be continued, i.e. treated akin
to a loading factor, during a single solution run and thus eliminates the necessity
for extensive parametric studies.
The term generalised path-following was probably coined by Eriksson [135] in
the late-1990s, and has experienced limited use in structural mechanics in the fol-
lowing two decades. Historically, the generalised path-following technique has been
used extensively in the fields of applied mathematics and physics [7, 136–140] where
the term numerical continuation is a more common designation. In structural en-
gineering applications, however, path-following is a familiar term and therefore
generalised path-following, as introduced by Eriksson and co-workers [135], is a
more intuitive designation as it differentiates from conventional path-following in
load-displacement space.
The notion of an “equilibrium surface” was discussed much earlier, in the
mid-1960s, by Sewell [141], and proved a useful approach to evaluating the stabil-
ity of a structure with respect to changes in governing parameters. This notion
garnered significant interest with the advent of catastrophe theory [142], as the
concept seemingly aided the analysis of parameter-sensitivity in instability prob-
lems. Although traditionally the equilibrium surface was evaluated using analyt-
ical methods by Thompson and Hunt [62, 143], Thompson [57, 144], and Sewell
[145], the generalised computational framework, did not exist until the pioneering
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work of Rheinboldt [146, 147, 148] in the 1980s. It is this general framework that
introduced the full benefits of numerical continuation (generalised path-following)
to nonlinear computational mechanics. It allowed for the pinpointing of singular
points (limit points and branching points). It permitted the ability to “branch-
switch” at branching points. It granted the ability to path-follow with respect
to (i) any parameter, and (ii) any number of parameters, such as applied load
or displacement, geometric properties such as thickness, lengths, or even material
properties such as Young’s modulus of elasticity. And finally the advancement pro-
vided the ability to trace loci of branching and/or limit points in multi-parameter
space, as illustrated by the foldline in Figure 2.2.
During the mid 1990s, Eriksson and co-workers [6, 135, 149–152] established
themselves as the main proponents and developers of generalised path-following,
presenting numerous examples where the approach proved to be of great bene-
fit, while also providing details on how the technique could be incorporated into
commercial nonlinear finite element codes. More recently their work has focused
on the analysis of thin membranes, particularly in understanding the effects of
gas and fluid pressures on spherical membrane structures [153, 154]. Similarly,
applied mathematicians and physicists at Sandia National Laboratories developed
the Library of Continuation Algorithms (LOCA) [139] which was used on large
parallel computing platforms for large degree-of-freedom problems, typically from
the discretisation of partial differential equations but not necessarily restricted to
the finite element method. The reader is directed to the work of Allgower and
Georg [155] for a detailed discussion of the methods applied to a range of general
numerical problems.
Numerical continuation has been successfully applied to structural engineering
problems outside the confines of the finite element method. Using an asymptotic
numerical method Lazarus et al. [156] successfully analysed the instability of thin
slender rods. The method has been used extensively in understanding the response
of shell-structures, namely in the investigation of spatial chaos [107, 108, 157], and
by Pirrera et al. [29, 31] to explore the geometric nonlinearities in bistable and
morphing plates and shells. The interest however, is not restricted to structural
problems as indicated by its use in the field of aerodynamics [158–160]. A nat-
ural progression to the aforementioned disciplines is combining both morphing
structures and aerodynamics in the field of aeroelasticity—where numerical con-
tinuation has been successfully embraced by [161, 162]. More recently however,
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numerical continuation is being considered as an optimisation tool [163] and also
used by [164, 165] to support the paradigm shift towards well-behaved nonlinear
structures.
In parallel, numerical bifurcation analysis techniques have been developed
for generic dynamical systems [166, 167], to cover a wide range of differential
equations, including delay-differential equations [168], partial differential equa-
tions [169], integro-differential equations [170], and stochastic evolution equa-
tions [171]. The readers is referred to [172, 173] for a recent review and tutorial,
respectively.
The generalised path-following technique has therefore shown great potential
for designing for well-behaved nonlinear structures, and the benefits of the tech-
nique are highlighted succinctly by Groh et al. [165] as:
1. Able to detect singular points and branch-switch onto secondary paths with-
out recourse to initial imperfections.
2. Allow for rapid parametric studies of critical points with respect to any
geometric, constitutive or secondary loading parameter.
3. Is readily integrated with accepted computational methods used in industry,
predominantly, the finite element method.
The generalised path following technique is therefore considered, by the author,
to be a very powerful tool in the efforts to further expand the field of nonlinear
elasticity.
Chapter 3
Overview of Concepts, Methods
and Paradigms
This chapter provides a brief description of the basic concepts com-
mon to the analysis of nonlinear structures, focusing particularly on
concepts associated to buckling and post-buckling analyses. A few in-
tricacies of the finite element method are discussed. It is shown that
although structural element formulations are the more commonly used,
they prove insufficient for certain nonlinear applications and the use of
continuum elements is required. These limitations are discussed herein.
The chapter closes with a brief overview of the mathematical frame-
work of coupling the numerical continuation technique to the nonlinear
finite element method.
3.1 Introduction
A primary driver in the design of a nonlinear structures is compliance tailoring.
The structure’s mechanical behaviour is commonly referred to as the structure’s
response. The structural response is conventionally presented as a graphical il-
lustration of the equilibrium path(s). This is due to the physical reference to an
applied load and a measured displacement, although the representation of an ap-
plied displacement and a measured load is equally common. The work presented
herein will rely heavily on the illustration of such paths and hence also on the
concept of structural response. Figure 3.1 provides an illustrative example of the
difference in response from linear to nonlinear for the same structure. Here an
29
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elastomeric filament is exposed to both a tensile load and a compressive load.
The filament is capable of withstanding elastic strains of up to 10% and there-
fore presents a large linear response under tension (See Figure 3.1A). When the
loading is reversed in Figure 3.1B, the response is far more complex owing to the
emergence of geometric nonlinearities. The solid black line represents a physical
solution, and the broken line represents a numerical unstable solution, and hence
a non-physical structural response.
Another important concept used in the evaluation of nonlinear structures is the
state (or structural state). The definition of a structural state in the context of this
research will refer to the condition of the system with regards to its shape, structure
or physical condition. A state is defined as an equilibrium path corresponding to
a single deformation mode shape as it transitions from the undeformed geometry
to its final state. Therefore a state differs from the mode shape in the sense
that a deformation history is contained within the state and a mode is simply an
instantaneous “snap-shot” of the deformation. The state of a structure may also
contain the non-physical (unstable) equilibrium solution. The state which passes
through the origin (zero displacement, zero load) is known as the fundamental
equilibrium path, and the state-point at zero load and zero displacement is known
as the reference state.
3.2 Stability of systems
Equilibrium paths are often associated with an additional qualifier which signi-
fies the importance of these equilibrium paths with respect to structural design.
These qualifiers are (i) Primary (or fundamental); (ii) Secondary (or branching); or
(iii) Tertiary (also isola or unattached). Most conventional engineering structures
are designed to operate solely on the primary equilibrium path in service, often
incorporating an additional safety factor to ensure complete avoidance of other
paths and/or any form of critical failure. Figure 3.2 illustrates a conceptual exam-
ple of each of the three aforementioned forms of equilibrium paths. Figure 3.2A
illustrates a single primary path (state-1) exhibiting the classic snap-through re-
sponse. Figure 3.2B illustrates both a primary (state-1) and a secondary (state-2),
in which the state-2 equilibrium path is branching from the primary path at a crit-
ical point. This critical point must therefore be a bifurcation point. Figure 3.2C
presents a response which illustrates examples of all three forms of equilibrium



























Figure 3.1: Elastomeric filament under two opposing loading conditions. (A)
Tension, illustrating a linear response which is uninteresting to the engineer
of practical nonlinear structures; (B) Compression, illustrating a nonlinear re-
sponse which is very interesting to the engineer of practical nonlinear struc-
tures. Note that in (B) this response is only true for load-control problems, a
displacement-control would result in fully stable response.






















































Figure 3.2: Load-displacement responses for three arbitrary unknown struc-
tures. (A) Load-controlled problems; (B) Displacement-controlled problems;
(A.1) Load-controlled snap-through buckling, from state-1 to state-1; (A.2)
Load-controlled bifurcation buckling, snap-through from state-1 to state-2;
(A.3) Other equilibrium paths, state-3, unconnected to the fundamental equi-
librium path (reference state); (B.1) Displacement-controlled, no snapping oc-
curs in this instance; (B.2) Displacement-controlled bifurcation buckling, snap-
through from state-1 to state-2; (B.3) Other equilibrium paths, state-3, uncon-
nected to the fundamental path (reference state), note the change in stability
of this path owing to the displacement-control.
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paths. The primary path (state-1) branches at a critical point to create the sec-
ondary equilibrium path (state-2), and finally state-3 is the unconnected tertiary
equilibrium path. This phenomena of unconnected paths is an important concept
in structural mechanics as it illustrates an equilibrium path that is completely
disconnected from the fundamental (state-1) owing to an energy barrier between
itself and the primary (fundamental) path. The unattached paths are not com-
monly discussed in the literature but are particularly important in the scope of
the present research; two examples where these disconnected paths do appear in
literature can be found in the buckling of pipelines [174], and kink-banding forma-
tion in layered structures [175]. In Chapter 5 it is shown that these tertiary paths
can be useful to the practical engineer of nonlinear structures.
Critical points exist in most nonlinear structural responses. They are sig-
nificant and are used to improve our understanding of the physical response in
contrast to the numerical response. The classification of critical points is well un-
derstood, however the nomenclature is somewhat inconsistent across various fields
of research. There are essentially two types of critical points of interest to the en-
gineer of practical nonlinear structures, namely (i) limit points, and (ii) branching
points.
Limit points are critical points which occur on an equilibrium path whose tan-
gent is parallel to the measured quantity, i.e. displacement for a load-controlled
analysis. Branching points are critical points at which two or more equilibrium
paths coincide with identical deformation shapes and applied loads. It is impor-
tant to also understand that it is possible for two or more states to overlap when
presented graphically in a load-displacement sense but this does not necessarily
indicate the presence of a branching point. Examples of both limit and bifurca-
tion points are presented in Figure 3.2. Figure 3.2A correspond to a load-control
problem; Figure 3.2A.1 illustrates two limit points, Figure 3.2A.2 illustrates a bi-
furcation point at the connection of equilibrium states -1 and -2, and a limit point
on state-2. Figure 3.2A.3 illustrates an example of a limit point on state-3 and
a bifurcation point connecting states -1 and -2. Figure 3.2B, however, illustrate
the result of the same problems analysed but in this instance using displacement-
control. Significantly, for displacement-control the snapping response no longer
exists for the hypothetical problem in Figure 3.2B.1, furthermore, the limit points
in Figures 3.2B.2 and B.3 have migrated from the minima in load to the local
minima in displacement.
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In the field of applied mathematics limit points are known as saddle-node
bifurcations and there is a further sub-classification for bifurcation points into one
of either (i) supercritical pitchfork; (ii) subcritical pitchfork; or (iii) transcritical
bifurcation. In the field of topology, critical points are known as catastrophe points
where a limit point is considered a fold and a symmetry-breaking bifurcation is
a cusp singularity with respect to an additional parameter—initial imperfections.
The nomenclature used herein is not restricted to that used by the structural
engineer, but makes use of all of the aforementioned terms where appropriate.
For the design of well-behaved nonlinear structures solving a nonlinear struc-
tural problem and recovering a load-displacement equilibrium response is not
enough on its own, as the stability of the system needs to be evaluated for a
truly robust design. Evaluating the (in)stability of a system is an important as-
pect of structural design as it often equates to a loss of stiffness in the structure.
A structure is said to be in equilibrium when the first variation of the total energy




or when the total potential energy is stationary with respect to first-order changes.
To determine whether or not the total potential energy takes a minimum requires
the evaluation of the second variation of the total potential energy with respect
to displacements. This definition of stability with respect to the total potential













This is relatively straightforward to compute for simple structures with limited
degrees of freedom, however, for a large system it becomes more of a challenge
and an alternative approach is used. For a discrete system with a finite number of
degrees of freedom the criterion can be defined in terms of the definiteness of the
tangential stiffness matrix. As for a conservative system the tangential stiffness
matrix is Hermitian (symmetric) and therefore the stability criterion can be defined
by evaluating the sign of its corresponding eigenvalues. Table 3.1 summarises this
concept. If all of the eigenvalues of the tangential stiffness matrix are positive,
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Table 3.1: In evaluating the definiteness of the tangential stiffness matrix
the stability of the structure can be determined. The first column shows the
definiteness of the matrix, the second column shows the nature of the total
potential energy at this equilibrium point, and the third column states the
stability of this equilibrium point.
Stiffness matrix at equilibrium Potential energy at equilibrium (In)Stability
Positive definite Strict minimum Stable
Positive semidefinite Inflection point Neutrally stable
Indefinite Saddle point Unstable
the matrix too is positive definite and the equilibrium state is therefore stable. If
however at least one of the eigenvalues of the tangential stiffness matrix is less than
zero, the matrix must then be indefinite and the stability of the equilibrium path
is therefore unstable. Equally, if at least one of the eigenvalues of the tangential
stiffness matrix is exactly equal to zero, with all other eigenvalues positive, the
equilibrium state is then said to be neutrally stable. Note that the partitioning of
the stiffness matrix will differ depending on whether the problem is a load-control
or a displacement-control type (as illustrated in Figure 3.2B).
The stability criteria can be explained by means of an analogy with a ball
resting on a surface. Consider the three balls illustrated in Figure 3.3, in each case
the ball is in equilibrium. Its weight is balanced by an equal an opposite reaction
force, and both forces are acting through the ball’s centre of gravity. Equally the
surface can be interpreted as the balls potential energy field. Figure 3.3A shows
the ball in stable equilibrium. Any sideways perturbation would result in the ball
returning to its original position, and therefore its lowest energy state. Figure 3.3B
illustrates the ball in unstable equilibrium, such that any sideways perturbation
would result in the ball continuing to move which would result in an unbounded
displacement sustained by the ball. Finally, Figure 3.3C represents an interme-
diate between stable and unstable, this state is termed neutral equilibrium. In
this scenario any sideways perturbation to the ball would not result in the ball
returning to its original position, nor would it result in the ball’s unbounded dis-
placement. The ball therefore remains in the displaced position after perturbation.
Here the ball has an infinite number of positions in which equilibrium is satisfied.
In this instance, the condition of zero stiffness is satisfied only if the all higher
order derivative of energy are zero. However, if neutral stability is detected, it
is traditionally done on the basis of equating the second derivative of the energy
to zero (ignoring all higher orders), and thus the system is infinitesimally stable
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A B C
Figure 3.3: (A) Stable equilibrium; (B) Unstable equilibrium; and (C) Neutral
equilibrium


































Figure 3.4: Three types of bifurcation points found in structurally nonlinear
problems; (A) Supercritical pitchfork; (B) Subcritical pitchfork; and (C) Tran-
scritical bifurcation. The grey lines represent the total potential energy of the
system at three fixed values of the load factor, λ, as discussed in the mono-
graphs of Thompson and Hunt [62]. These grey energy surface lines deform as
the loading parameter is varied. Note also that λ1 < λcrit < λ2.
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and not infinitely. There are exceptional cases where all higher order derivatives
are zero, and it is truly infinite number of equilibrium positions—the zero stiffness
tensegrity in [19] is one example. In contrast, the stable and unstable states have
unique equilibrium positions.
From a standpoint of the variation of total potential energy the ball analogy
can be translated onto the graphical representation of the load-displacement re-
sponse in a similar vein to that presented by Thompson and Hunt [62]. Figures 3.4
presents the three archetypal pitchfork bifurcation responses, which were previ-
ously introduced. The total potential energy is conceptually plotted for each type
of bifurcation in grey for three unique values of the load-factor λ = {λ1, λcrit, λ2},
such that λ1 < λcrit < λ2. Stability of the fundamental path is lost at a value
of λ = λcrit on each of the three forms. Figures 3.4A and B are the two exam-
ples of symmetric bifurcations, and Figure 3.4C is an example of an asymmetric
bifurcation. In structural mechanics these are the three most common types of
bifurcation points.
Figure 3.4A is classified as a supercritical bifurcation point, also known as a
stable-symmetric bifurcation point, and is distinctive due to its two positive stable
solution paths emanating from the the bifurcation point itself. The fundamental
equilibrium path rises monotonically from the reference state, and at a fixed value
of λ = λ1 the total potential energy Π(u, λ1) is a minimum with respect to the state
parameter u (See grey lines in Figure 3.4). Where λ1 represents any arbitrary value
of λ between the reference state (λ = 0) and the critical value λ = λcrit. Increasing
further to λ = λcrit the total potential energy Π(u, λcrit) takes a critical value
where more than one solution equilibrium exists. Continuing the fundamental
path beyond this critical point (λ > λcrit) the fundamental path becomes unstable.
For a supercritical bifurcation point however, the transitions from the fundamental
(primary) path to the post-buckled (secondary) path is smooth and continuous.
The total potential energy is presented in grey and illustrates graphically these
local minima (maxima) which correspond directly to the stability (instability) of
the equilibrium paths. Evaluating the total potential energy on each of the post-
buckled (secondary) paths at a value of λ = λ2 it is clear that the total potential
energy reaches a local minimum at both secondary paths. This illustrates that
Π(u, λ2) is stable for the two post buckled paths and unstable for the fundamental
path. Supercritical bifurcations are considered to be insensitive to imperfections
and variations in loading.
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Figure 3.4B presents the second symmetric bifurcation point. However in
this instance it is characterised by two unstable post-buckled paths. This class
of bifurcation is termed subcritical or an unstable-symmetric bifurcation. This
bifurcation is particularly common in the analysis of shell-like structures, and is
considered dangerous owing to the complete loss of stability on reaching λcrit. Once
again, the fundamental path rises monotonically from a reference state of λ = 0,
and at a fixed value of λ = λ1 the total potential energy Π(u, λ1) is a minimum with
respect to the state parameter u. On increasing λ further the stability of the system
is lost at λ = λcrit at which point any further increase of λ results in structural
failure. This is owing to the fact that the two symmetric post-buckled paths are
also unstable, once again highlighted by the total potential energy of Π(u, λ2) in
Figure 3.4B. Subcritical bifurcations are generally highly sensitive to the presence
of imperfections and variations in loading, which is commonly observed in the
axial compression of cylindrical shell structures.
The third post-buckling phenomena is the transcritical response, also known
as an asymmetric bifurcation, and is illustrated in Figure 3.4C. In this type of bi-
furcation the fundamental path remains stable until the secondary path is reached
at λ = λcrit, where the fundamental path becomes unstable. A transcritical bi-
furcation is characterised by the fact that both paths have a non-zero slope with
respect to λ at λ = λcrit. Critical points of this type are often severely sensitive to
the presence of loading conditions or the application of imperfections.
3.3 Finite elements in structural mechanics
In structural mechanics the finite element method is ubiquitous in both academic
and industrial settings. A detailed explanation of how this numerical technique
is employed in structural mechanics can be found in Refs. [176–180]. Although
there is little value in providing a detailed outline of the finite element method
herein, the author sees it important to outline one particular nuance in utilising
the capabilities of the numerical method for the robust analysis of geometrically
nonlinear structural problems.
Owing to the fact that engineers have inherently viewed geometric nonlinear-
ities as some form of failure, engineers have traditionally evaluated the response
of structures up to the point of “failure”, where failure is often associated to any



















Figure 3.5: (A) An elastica is subjected to a compressive load; (B.1) Shows the
predicted response from a finite element method utilising the Timoshenko beam
elements (first-order shear theory) with von Kármán nonlinear strains (moderate
rotations) that does not update the reference configuration; and (B.2) Shows
the structural response from the elastica predicted using a finite element method
utilising the continuum elements based on a total Lagrangian formulation with
makes use of the second Piola-Kirchhoff stress tensor and Green-Lagrangian
finite strain tensor. The continuum element model is therefore able to capture
the true post-buckled response of the elastica owing to its ability to update
the reference state and thus accurately determining the changes in orientation
caused by the large rotations.
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form of instability, buckling, post-buckling, or loss of strength. Therefore when
employing the finite element method the natural approach has been to limit the
analysis to this pre-buckling region, and thus the post-buckled phase is neglected
entirely. For most cases this is a reasonable assumption if the avoidance of catas-
trophic failure is the only aim. These simplified models make use of structural
finite elements owing to the fact that implementation of the continuum elements
is more involved and traditionally is seen as an unnecessary complication. There-
fore the design engineer has a choice of elements, namely (i) structural elements;
and (ii) continuum elements. The mathematical framework of the former is based
on a mechanics of materials approach, whereas the mathematical framework of
the latter is based upon continuum mechanics elasticity theory [181]. Both types
of elements exist as beam, plate and shells.
For small deformations and small to moderate rotations both structural el-
ements and continuum elements recover identical solutions. However, for large
deformations and moderate to large rotations, which are common in geometrically
nonlinear structures, the use of continuum elements becomes necessary. Primarily
the difference between a mechanics of materials approach and the elasticity theory
approach is that for the mechanics of materials approach the reference configura-
tion is not updated as the structure deforms. Consider the elastica illustrated in
Figure 3.5A. A simple elastic strut is subjected to a compressive force λ, and no
plastic deformation is experienced in this analysis. Figures 3.5B.1 and B.2 show the
results from solving this problem using the finite element method. Figures 3.5B.1
shows the structural response for structural elements and Figures 3.5B.2 shows
the structural response for continuum elements. Both accurately recover the crit-
ical load λcrit however only the continuum elements are capable of tracing the
correct post-buckled equilibrium path. The structural elements recover a fixed
load, as the mechanics of materials approach does not update the orientation of
the beam’s cross-section as it transitions from flat to curved upon buckling. If the
reference configuration is assumed to remain flat, then the compressive load will
not induce a bending moment. The result is a no-stiffness structural response.
The continuum elements update the reference configuration and hence the applied
compressive load leads to a bending moment post-buckling which reacted by the
bending rigidity of the beam. Hence, this model leads to a finite-stiffness post-
buckling response. Note however that the fundamental equilibrium paths for both
cases are identical, and therefore the structural elements do have their place in
the analysis of nonlinear structures.
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Within this thesis both structural elements and continuum elements are used.
Chapter 4 makes use of the structural beam elements, chapter 5 makes use of
continuum beam elements, and chapter 6 employs continuum-based shell elements.
More information regarding the specific usage of these elements is discussed in
greater detail within the appropriate chapters.
3.4 Generalised path-following technique
In principle, it is desirable to understand how structures behave when one or more
design parameters are varied. During the design of engineering structures, para-
metric studies are the conventional approach, whereby multiple simulations are
performed whilst incrementally varying a number of control parameters. Gen-
erally speaking, analytical methods are more popular for these parametric stud-
ies, as they are less computationally demanding than finite element methods and
therefore allow for quicker iteration in the evaluation of the design space. For
nonlinear problems, analytical techniques that allow rapid parametric design are
found wanting, such that the design space investigated is often restricted. In a
nonlinear setting, robust computational tools for parametric studies are therefore
indispensable and the generalised path-following technique is a suitable choice as
discussed by [7, 136–140].
As a conceptual example, consider a shallow arched beam loaded by a trans-
verse point load at its mid-span (as illustrated in Figure 3.6A) exhibiting the
classic snap-through force-displacement equilibrium path (See Figure 3.6B). The
mid-span applied load is parametrised and the corresponding vertical displacement
of the centre is measured. The chosen colour code denotes the degree of instability
of the system. The blue segments of the curve correspond to stable equilibrium
paths (all eigenvalues of the tangential stiffness matrix are positive), red segments
denote one or more unstable mode (one or more negative eigenvalue). The black
points are the critical points, i.e. points at which at least one eigenvalue of the
tangential stiffness matrix is exactly zero, and these can either be saddle-node
bifurcation points, which are more commonly known as limit points in structural
mechanics (see points A and D in Figure 3.6B); pitchfork bifurcation points, which
are also known as branching points in structural mechanics (see points B and C
in Figure 3.6B); or a coincidence of both limit and branching point which is then
known as hilltop-branching points (Not shown in Figure 3.6).
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A saddle-node bifurcation (limit) point describes an extremal point (maximum
or minimum) with respect to the control parameter, where equilibrium of the
system switches from stable to unstable, or vice versa, but symmetry of the system
is maintained. As the control parameter increases (or decreases) beyond a limit
point, the structure snaps to an adjacent stable equilibrium state at the specified
load, as shown by the arrow. On the contrary, at a pitchfork bifurcation point the
symmetry of the system is broken such that a secondary equilibrium path branches
away from the fundamental path, as illustrated in Figure 3.6B by the secondary
path connecting points B and C. Depending on the stability of this bifurcating
branch, stable or unstable, the structure may transition onto this path or snap
to another stable point. In Figure 3.6B, the maximum limit point precedes the
bifurcation point for a typical loading history starting from the unloaded state,
but this is not necessarily always the case, and the order in which they appear
may reverse for other configurations. This potentially reduces the actual limit load
(blue region) below that of the maxima illustrated on the equilibrium curve, and
thus further emphasises the need to evaluate the location of critical points.
From this didactic example we can deduce particular points that are of interest
to the engineer of practical nonlinear structures: (i) limit loads that induce snap-
ping, (ii) bifurcation points that lead to branch switching or snapping, and (iii)
classical design points where critical stress values or displacement values are ex-
ceeded. To optimise the nonlinear structure (for any given criteria—weight, cost,
strength, etc.), it is important to understand the variables (material properties,
geometric dimensions, etc.) that affect the structural response. More specifically,
how do these variables affect the characteristics of the aforementioned three solu-
tion points?
Conventional design philosophy requires a complete re-analysis of the problem
with different values for each variable in a parametric study-type analysis proce-
dure. The re-evaluation of the structural behaviour can be avoided, however, when
using generalised path-following. The comprehensive computational framework is
discussed by Eriksson [6] and Groh et al. [165], but in principle, an additional
variable is introduced as a control parameter and the solution space explored in
this third dimension using standard path-following techniques generating a two-
dimensional equilibrium surface. Therefore, the generalised path-following process
involves tracing one-dimensional curves in a higher-dimensional solution space.













Figure 3.6: (A) Shallow arched beam with a transversely applied point load at
its mid-span; (B) A conceptual equilibrium solution path for the shallow arched
beam, illustrating classic snap-through behaviour. Point A is the first limit
point, points B and C are the branching points connected by a secondary path,
point D the second limit point and point E the position to which the structure
will likely dynamically snap. The colours denote stability; red, unstable; blue,
stable.
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In structural mechanics, the conventional nonlinear equilibrium of internal and
external forces can be expressed as a function of a loading parameter, λ, and the
displacement state variables, u, in the form:
F (u, λ) = f(u)− p(λ) = 0, (3.2)
where p(λ) is the external (non-follower) load vector and f(u) is the internal
force vector. For generalised path-following, Eq. (3.2) is adapted to incorporate
any number of additional parameters, such that,
F (u,Λ) = f(u,Λ1)− p(Λ2) = 0, (3.3)
where Λ = [Λ>1 ,Λ
>
2 ]
> = [λ1, . . . , λp]
> is a vector containing p control variables. Λ1
corresponds to parameters that influence the internal forces (e.g. material prop-
erties, geometric dimensions, temperature and moisture fields) and Λ2 relates to
externally applied mechanical loads (e.g. forces, moments, tractions).
The n number of equilibrium equations in Eq. (3.3), correspond directly to
the n number of displacement degrees of freedom in the system. As the structural
response is parametrised by p additional parameters a p-dimensional solution man-
ifold in R(n+p) exists, named the equilibrium surface by Sewell [141], as previously
discussed in Chapter 2. By defining additional auxiliary equations, g, specific so-
lution subsets on the p-dimensional solution manifold are defined. Hence, we wish







For r auxiliary equations, the solution to Eq. (3.4) becomes (p−r)-dimensional
and hence p−1 auxiliary equations are required to define a one-dimensional curve.
As outlined by Eriksson [6] and Groh and Pirrera [164], Groh et al. [165] these sub-
set equations can define fundamental equilibrium paths, i.e. the fundamental load
parameter is varied and all other parameters are held constant; secondary equi-
librium paths (parameter paths), i.e. a different parameter is varied, e.g. Young’s
modulus, thickness, etc.; bifurcation branching paths (pitchfork bifurcation paths)
where the bifurcation point is traced in load-parameter-displacement space; and
critical paths where the tangential stiffness matrix is singular (foldline path) where
the limit point is traced in load-parameter-displacement space.
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Throughout this thesis we exclusively evaluate one-dimensional curves, such
that r = p − 1. This means that one additional constraining equation needs to
be specified to uniquely solve the system of equations for a point on the curve.






 = 0, (3.5)
where N is a scalar equation which plays the role of a multi-dimensional arc length
constraint throughout the continuation along a specific subset curve, this can be
conceptually represented by the choice of a (i) sphere; (ii) ovoid or ellipsoid; and
(iii) circular cylinder as discussed in [165]. A specific solution to Eq. (3.5) is de-
termined by a consistent linearisation coupled with a Newton-Raphson algorithm
vj+1 = vj −
(
GN,v(vj)
)−1 ·GN(vj) with GN,v =







where j corresponds to the jth increment and the comma notation has been
used to denote differentiation.
For visualisation purposes it is convenient to reduce the dimensionality of the
presented results from (n+p)-dimensional solution space to a more palatable two-
or three-dimensional space. The approach used for this is to consider a particular
norm of the displacement field, e.g. the displacement at a specific point of interest
u = uref , and to continue solution subsets in one parameter at a time.
As a result, all figures presented herein are shown in two or three dimensional
plots. More precisely, we will visualise results by projecting them on a space
(λi, d(u)) ∈ R2, or on a space (λi, d(u), λj) ∈ R3, where λi and λj are suitably
chosen control parameters, and where d(u) is the displacement of the computed
equilibrium at λi or (λi, λj). The choice of control parameters will be made explicit
in all cases, whereas we will henceforth suppress the dependence of d on u for
notational convenience.
In chapter 4, from an algorithmic viewpoint, we have opted for a simple yet af-
fordable choice: we compute one-parameter families of equilibria (in the parameter
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λi), as the secondary parameter λj is held constant, and we repeat the calculation
for various values of λj. In this way, we parametrise the solution manifold using
level sets at constant λj. An attractive alternative approach (which has not been
pursued here for simplicity) is to cover the solution manifold with polygons, as pro-
posed by Henderson [182] and implemented in the software package Multifario.
In chapter 5 we show that it is also possible to compute loci of branching points
as λi and λj vary simultaneously, using standard two-parameter continuation of
bifurcation points. In chapter 6, however due to the computational expense and
the complexity of the models, we have employed the generalised path-following
technique as a conventional arc-length method in the modus operandi of a para-
metric analysis, that is to say that multiple load-displacement solution paths were
traced whilst incrementally altering a given parameter (i.e. arch height, thickness,
amplitude of imperfection etc.). This is due to the complex nature of the prob-
lem investigated, whereby there exist a high-degree of nonlinearity in entangled
equilibrium paths at a particularly close proximity to one another. This therefore
limits the use of the pitchfork continuation and foldline continuation functions as
they appear to struggle to follow a single path—the solver jumps from one equi-
librium solution path to another. Therefore, maintain control over the solution
process, it was decided that only the load-displacement paths should be traced to
explore the potential design space.
This chapter only provides a general overview of the method and the interested
reader is directed to the work of Groh et al. [165] for a detailed description of the
generalised path following technique.

Chapter 4
Linear vs Nonlinear: Beam
Structures
This chapter introduces a novel design paradigm, based on new insights
from nonlinear kinematics. In particular, we show via the application
of generalised path-following as a design tool, that the design of a
linear arched beam is diametrically opposed to that of an equivalent
nonlinear arched beam. A distinction is made such that the design of
a linear arched beam requires its stiffness to be distributed towards
its boundary conditions whereas an identical arched beam — designed
for nonlinear applications — requires the stiffness to be distributed
towards its centre.
4.1 Introduction & literary background
The classic snap-through problem of shallow arches is revisited using the so-called
generalised path-following technique. Nonlinear buckling theory is a popular tool
for designing structures prone to instabilities, albeit with limited applicability as
it assumes a linear pre-buckling state. The generalised path-following technique is
employed to provide an accurate and robust way of evaluating multi-parametric
structural problems. The capabilities of this technique are exemplified here by
studying the effects of four different parameters on the structural behaviour of
shallow arches, namely, mid span transverse loading, arch rise height, distribution
of cross-sectional area along the span, and total volume of the arch. In particular,
the distribution of area has a pronounced effect on the nonlinear load-displacement
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response and can therefore be used effectively for elastic tailoring. Most impor-
tantly, we illustrate the risks entailed in optimising the shape of arches using
linear assumptions, which arise because the design drivers influencing linear and
nonlinear designs are in fact topologically opposed.
Arched structures, which are the focus of this chapter, are known to exhibit in-
stabilities and are a textbook example of classic snap-through buckling behaviour.
In fact, snap-through instabilities of arched structures occur in a wide range of ap-
plications, from the tailorable design of micro-electromechanical systems (MEMS),
to the meso-scale light-switch type structures, and further, to the failure of macro-
scale civil structures.
Large scale arched structures, particularly those whose loading capacity is in-
trinsically linked to the deformations sustained, are particularly prone to instabili-
ties. Carpinteri et al. [47] present an industrial example illustrating the importance
of nonlinear analysis for a modern roof-structure. Carpinteri et al. conclude that
current linear methods are insufficient in predicting the post-buckled state and,
most importantly, the load-carrying capacity of the roof.
The same buckling behaviour is also observed on the micro-scale within the
field of MEMS [9, 86, 87], a discipline which has seen significant growth in recent
years. Micro-electromechanical systems provide a particularly challenging problem
since the topic couples a number of disciplines, from solid and fluid mechanics to
thermomechanics and electromagnetism. All of these fields can introduce their
own forms of nonlinearity and these can interact in a complex manner to yield
emergent phenomena that are difficult to predict.
Established methods for exploring a nonlinear design space require onerous
parametric studies. With the application of the generalised path-following tech-
nique, however, the design space can be evaluated within a single solution process,
for any number of parameters.
4.1.1 History of arched beam structures
Concave load-bearing structures are one of the oldest structures known to man.
In this sense, a clear demarcation between masonry arches introduced in antiq-
uity, i.e. concave structures constructed by a series of rigid building blocks joined
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with little to no tensile loading, and elastic arches, capable of resisting both mem-
brane forces and bending moments, is necessary. For a fascinating history of
arch construction, and its theoretical development from arch theory to computa-
tional mechanics, the interested reader is directed to chapter 4 of reference [183].
Throughout this chapter we refer solely to compliant elastic arches which use snap-
through for functionality and hence the research presented herein is restricted to
slender arches. Such compliant arches, which utilise elastic snap-through “failure”
well before plastic deformations occur, are being used in MEMS devices [80] and
for novel meta-materials [79].
The critical buckling of shallow arches, either by symmetric snap-through or
by an asymmetric bifurcation, is a seemingly well-understood problem. Once the
solution space is opened up to more parameters beyond a simple load factor,
however, it quickly becomes apparent that this problem is more intricate and
complex than at first sight.
The current literature on MEMS and novel meta-materials illustrates a con-
siderable interest in the (in)stability of shallow arched structures; path-following
of solutions in algebraic and differential equations; and also in structural opti-
mization, but there is little that brings together all three, this chapter aims to do
exactly that.
4.1.2 Aims and objectives
The aim of this chapter is twofold. First, by means of an exploratory exercise we
investigate the mechanics of compliant shallow arched structures to determine a
shape-optimised arch for maximising the first instability load, and show that the
design drivers for the nonlinear mechanics of arches are opposite to what would
be expected from a linear analysis. Hence, the risks inherited in shells optimised
with linear assumptions observed by Lee and Hinton [184] are confirmed herein.
Second, we wish to illustrate how nonlinear structures with multi-parameter de-
pendent characteristics can be designed robustly and quickly using a systematic
approach. In this sense, the generalised path-following technique is introduced as
an advanced design and analysis tool which can be used to explore a bounded
multi-dimensional design space within a finite element context. The overarching
Chapter 4. Shallow Arches: Beam Structures 52
aim is to enhance the engineer’s capability to design structures by employing non-
linearities to potentially extend the concept of structural efficiency into the non-
linear elastic regime or include additional functionality by exploiting compliance
and large reversible deformations which may replace more complex mechanisms.
The remaining sections of this chapter are structured as follows. Section 4.2
introduces a brief overview of the problem definition. Section 4.3 discusses the
application of the generalised path-following framework to a shallow arched beam
problem, presents the results obtained and provides a discussion of key findings.
The problem definition is presented, followed by a robust four-parameter analysis
of the structural response. The cross-sectional area is distributed along the beam
span, and this optimum distribution is then analysed further by evaluating the
effect of arch mass and arch rise height on the structural response, whereby the
optimality criterion is defined as the maximum capacity before instability occurs.
4.2 Problem definition
In principle, it is desirable to understand how structures behave when one or more
design parameter are varied. During the design of engineering structures, para-
metric studies are the conventional approach, whereby multiple simulations for
different configurations are performed. Generally speaking, analytical methods
are more popular for these parametric studies, as they are less computationally
demanding than finite element methods and therefore allow for quicker iteration
in the evaluation of the design space. For nonlinear problems, analytical tech-
niques that allow rapid parametric design are found wanting such that the design
space investigated is often restricted. In a nonlinear setting, robust computational
tools for parametric studies are therefore indispensable and the generalised path-
following technique is presented here as such a tool to investigate the entire design
space.
Consider a classic force-displacement equilibrium path of an arch loaded by a
transverse point load at its mid-span, as illustrated in Figure 4.1A. The mid-span
applied load is parametrised and the corresponding vertical displacement of the
centre is measured. The chosen colour code denotes the degree of instability of the
system. The blue segments of the curve correspond to stable equilibrium paths (all
eigenvalues of the tangential stiffness matrix are positive), red segments denote one


































Figure 4.1: An arbitrary nonlinear problem solved using the generalised path-
following method. (A) A shallow arched beam schematic, encastré boundary
conditions at either end and a point load applied transversely at its midspan. (B)
Fundamental equilibrium path for a baseline case of an arched beam, illustrating
classic snap-through behaviour. Numbers and colours on curve segments denote
the degree of instability. (C.1) An isomeric projection of the solution surface
created by the generalised path following technique, here the arch rise height
is varied from zero to a predefined maximum. (C.2) A plan-view of the same
solution surface presented in (C.1). The colours on curve segments, once again,
denote the degree of instability. On Figures (B), (C.1), and (C.2) the different
colour segments are separated by critical points (not shown), where the stability
of the structure with respect to the loading parameter changes. The colour
blue denotes a stable equilibrium solution, red denotes an unstable equilibrium
solution with one negative eigenvalue of the tangential stiffness matrix, green
denotes an unstable equilibrium solution with two negative eigenvalues of the
tangential stiffness matrix.
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unstable mode (one negative eigenvalue) and green segments denote at least two
unstable modes (two or more negative eigenvalues). The points separating different
colour segments are the critical points, i.e. points where at least one eigenvalue of
the tangential stiffness matrix is exactly zero, and these can either be saddle-node
bifurcation points (limit points), pitchfork bifurcation points (branching points), or
a coincidence of both known as hilltop-branching points with two zero eigenvalues.
Any increase in the number of negative eigenvalues above one is not significant as
such, but can provide information regarding the nature of the problem at hand,
particularly during the solution process. That is to say that the number of negative
eigenvalues increases as the problem becomes more unstable, but reduces towards
a region of stability. Therefore, an isolated region of stable equilibria could exist
inside these regions of unstable equilibria and the number of negative eigenvalues
can give an indication as to when this is likely to occur, an example of this can be
found in [185].
A saddle-node bifurcation (limit) point describes an extremal point (maximum
or minimum) with respect to the control parameter, where equilibrium of the
system switches from stable to unstable, or vice versa, but symmetry of the system
is maintained. As the control parameter increases (or decreases) beyond a limit
point, the structure snaps to an adjacent stable equilibrium state at the specified
load, as shown by the dotted arrow. On the contrary, at a pitchfork bifurcation
point the symmetry of the system is broken such that a secondary equilibrium path
branches away from the fundamental path (not shown in Figure 4.1A). Depending
on the stability of this bifurcating branch, stable or unstable, the structure may
transition onto this path or snap to another stable point. In Figure 4.1A, the
maximum limit point precedes the bifurcation point for a typical loading history
starting from the unloaded state, but this is not necessarily always the case, and
the order in which they appear may reverse for other configurations.
Conventional design philosophy requires a complete re-analysis of the problem
with different values for each variable. The re-evaluation of the structural be-
haviour can be avoided, however, when using generalised path-following. The com-
prehensive computational framework is discussed by Eriksson [6] (also see [139]),
but in principle, an additional variable is introduced as a control parameter and
the solution space explored in this third dimension using standard path-following
techniques, see Figure 4.1B, generating a two-dimensional surface. Therefore, the









Figure 4.2: Schematic diagram of the cylindrical arch with (A) describing
geometry, boundary condition and applied loading, and (B) the control variable
λ̄2, which governs the distribution of cross-sectional area along the arch span.
Note that self-weight was not used in the analysis of this problem.
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Table 4.1: List of parameters used to investigate the nonlinear structural
behaviour of the arch.
Parameter Quantity Units λmini λ
max
i
λ1 Loading factor [-] 0 300
λ2 Quadratic spanwise area distribution [-] 0.999515 1.00095
λ3 Average cross-sectional area [m
2] 0.2586 0.5570
λ4 Arch height-to-span ratio [-] 0 0.1
generalised path-following process involves tracing one-dimensional curves in a
higher-dimensional solution space.
For an brief overview of the formulation of the problem the reader is directed
back to Chapter 3.
4.3 Instability analysis using generalised path-
following
We now proceed to the evaluation of the arched beam structure, using generalised
path-following techniques to elucidate physical insight into the underlying me-
chanics of the system. A shallow arched beam with encastré boundary conditions
at either end, ubiquitous in the structural mechanics literature [40, 186, 187], is
an ideal problem for this purpose.
The basic model is illustrated in Figure 4.2A for a circular cross-section with
baseline quantities of height-to-span ratio of 1/10, an axial rigidity of EA =
6.5 × 1011 N, a shear rigidity GA = 2.8275 × 1011 N, a bending rigidity EI =
1.68107 × 1011 Nm. Additionally, some of the arch characteristics are explicitly
defined as active parameters that can be varied throughout the analysis. These
four parameters are the loading factor, λ1, quadratic distribution of cross-sectional
area, λ2 (See Figure 4.2B), average cross-sectional area (defined as a ratio of bend-
ing and axial rigidity EI/EA = A/4π), λ3, and arch height normalised by span,
λ4 which are detailed in Table 4.1. The baseline geometry of the arch is defined
as λ2 = 1 (no spanwise variation of the cross-section), circular cross-sectional area
with λ3 = I/A = 0.2586 and arch height normalised by span λ4 = h/L = 0.1. A
modulus of elasticity E = 200 × 109 Nm-2 is used throughout and the material is
assumed to be isotropic.
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For generality, the parameters are linearly mapped to a unit domain for post-
processing, such that
J(λ, λ̄) : [λmini , λ
max
i ] =⇒ [λ̄mini , λ̄maxi ] = [0, 1],









where λ∗i is an arbitrary value of λi within the pre-defined bounds outlined in
Table 4.1.
The problem is solved via a simple one-dimensional finite element formulation
using fifty quadratic, three node, nonlinear Timoshenko beam elements with von
Kármán strains (See [178] for formulation) each of constant thickness. This ele-
ment choice is merely for simplicity as the model arch problem considered here is
governed by moderate rotations. Indeed initial convergence studies showed that
more elaborate beam formulations, e.g. the finite strain theory by Reissner [188],
produced identical deformations studied throughout. The mechanics of slender
shallow arches are typically governed by snap-through instabilities and not mate-
rial nonlinearities. The analysis is therefore restricted to only geometrical nonlin-
earities, however the strains are evaluated throughout the loading history to ensure
elastic behaviour is maintained. Finally, geometric symmetry of the structure is
not exploited to reduced computational expense, as this eliminates the possibility
of pitchfork bifurcations.
4.3.1 Instabilities with varying arch height, λ4
The preliminary process in using the generalised path-following technique requires
the solution of a fundamental load-displacement equilibrium path for a baseline
problem. As defined above the baseline configuration corresponds to λ2 = 1,
λ3 = 0.2586 m
2 and λ4 = 0.1 and for this configuration the solution path illustrates
the classic snap-through behaviour illustrated in Figure 4.1A.
It is from this fundamental path that other parameters are now explored.
For every solution point on the fundamental path it is possible to follow a one-
dimensional subset equilibrium curve, expanding the design space from a single-
parameter space, load-displacement (λ1-d), where λ1 is the transverse load applied
to the mid-span, d is the measured mid-span displacement, to a dual-parameter
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Figure 4.3: Parameter λ̄4, corresponding to the normalised arch-height, is var-
ied from a minimum of zero, i.e. a flat beam, to a maximum of 0.1, corresponding
to a height-to-span ratio of 10%. I and II correspond to the load-displacement
curves at a height-to-span ratio of zero and 1/10, respectively. The colours blue
denote a stable equilibrium solution path, red denote an unstable equilibrium
solution with one negative eigenvalue of the stiffness matrix, and green denotes
an unstable equilibrium solution with two negative eigenvalues of the stiffness
matrix. Point A highlights a pitchfork bifurcation in parameter space; point
B illustrates the asymptotic convergence of a limit point and a pitchfork bi-
furcation point; point C highlights the exact point at which two critical points
converge.
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space (λ1-d-λi) where λi could represent another parameter, such as arch height,
cross-sectional area, the fixity of boundary end conditions.
Figure 4.3 shows how the load-displacement response (λ1 versus mid-span
displacement d) varies with arch height. For λ̄4 = 0 the arch reduces to a flat
beam, whereas for λ̄4 = 1 the arch height-to-span ratio is at a maximum 1/10.
Curves (I) and (II) shown in the bottom plot of Figure 4.3 represent the load-
displacement response for these two extremal values of λ̄4, respectively. Hence, as
the rise of the arch increases the structural behaviour smoothly transitions from
curve (I) to curve (II), where the former is indicative of nonlinear bending of a flat
beam and the latter of symmetric snap-through behaviour of an arched beam.
From Figure 4.3 it is evident that arch height significantly affects the structural
behaviour, and this is depicted by the chosen colour code. As previously defined,
blue curves denote stable equilibria, red curves denote one unstable mode and
green curves two unstable modes. As indicated by the blue region, the flat beam
(λ̄4 = 0) is stable throughout the entire loading range, λ1 ∈ [0, 150], and this
remains the case for very shallow arches. A limit point is first observed for an
arch height of λ̄4 = 0.1155, which relates to a height-to-span ratio of 0.0115. This
point is clearly visible by the appearance of red curve segments in Figure 4.3
and is characterised by a broken pitchfork bifurcation in the λ4 − d plane. As
the arch height increases further an additional instability arises denoted by green
curve segments, which corresponds to a bifurcation point on the fundamental load-
displacement path. The first limit point and first bifurcation points asymptotically
converge (see point B in Figure 4.3), however they do not cross for the parameter
range investigated here. However, there is a coincident point of the limit and
bifurcation loads present in Figure 4.3 which illustrates this exact phenomenon of
two instabilities converging and then diverging (point C). Finally, point A is an
interesting concept as it illustrates a pitchfork bifurcation in parameter-space as
opposed to the traditional load-displacement sense.
In many engineering applications of arch structures, height is a design specifi-
cation and therefore fixed a priori. From the results presented in Figure 4.3 it may
already be possible to design for the application in mind, however, in the event
that the load carrying capacity or the deformations sustained are not appropriate
for the given application, further evaluation is required. Parameters λ2 and λ3 are
now introduced to tailor the structural response to a specific application.



































































Figure 4.4: (A) Solution surface in λ̄1-displacement-λ̄2 space of an arched
beam with a height-to-span ratio of 1/10. Coefficient λ̄2 corresponds to the nor-
malised symmetric quadratic distribution of cross sectional area along the length
of the beam. For λ̄2 = 0 the arch is thinnest at the ends and for λ̄2 = 1 it is
thinnest at the mid-span. Blue: Stable; Red: Unstable, one negative eigenvalue;
Green: Unstable: two or more negative eigenvalues; (B) Load-displacement so-
lution path for λ̄2 = 0 with degree of instability denoted in circles; (C) and (D)
Partial solution surface for 0 < λ̄2 < 1 highlighting points of interest (I) Peak,
(II) Bifurcation in λ2, (III) Snap-through initiates (cusp), (IV) Limit point and
bifurcation points coincide (hilltop-branching point).
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4.3.2 Optimising distribution of mass, λ2
The second parameter λ2, evaluated herein relates to the distribution of cross-
sectional area along the span of the arch.
A quadratic distribution of the cross-sectional area symmetric about the mid-
span is implemented as follows,
A(s̄) = as̄2 + c, (4.2)
where s̄ = s/S is the arc-length co-ordinate normalised to total arch-length, S,
with s̄ = 0 at the mid-span and s̄ = [−0.5, 0.5] at the two ends, and a is a non-
dimensional constant and c is a constant defined as a function of the fixed volume










+ c ⇒ c = V − a
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, (4.3)







where the total volume, V , is conserved throughout the remainder of this analysis,
i.e. mass is conserved. The parameter that varies the distribution of area is defined
by λ2 = 1+a and certain limits need to be imposed on a to enforce that the cross-
sectional area remains positive. Thus, for reducing area towards the ends A(s̄ =
±0.5) > 0, and similarly for reducing area towards the mid-span A(s̄ = 0) > 0.
These constraints result in the following limits on a,
− 6V < a < 12V. (4.5)
A physical connection between the distribution of area and the distribution of
second moment of area is maintained with I(s) = αA2, where α = 1/4π, which
means that a circular cross-section is assumed throughout all analyses. Although
Eq. (4.5) represents the bounds of a, additional precautions were taken to constrain
the limits further in order to maintain a well-conditioned numerical system. The
two extreme physical configurations of λ̄2 are conceptually illustrated in Figure
4.2B, to be used as reference when referring to the results presented in Figure 4.4A.
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Figure 4.4A presents three distinct regions, each corresponding to a different
degree of stability: blue, stable equilibria; red, one unstable mode; green, two or
more unstable modes. Of course, the red and green segments of the equilibrium
path are unstable and therefore of relatively little practical use to the engineer,
but it is often important to include these regions as they are important for im-
perfection sensitivity [189, 190]. Increased awareness of the characteristics of the
unstable regions mitigates the uncertainty, and thus improving the robustness, of
prospective designs. Furthermore, awareness of the unstable regions becomes far
more significant for dynamic behaviour and thus a complete investigation of these
regions is justifiably important.
Nevertheless, we would like to point out that some configurations exhibit
highly nonlinear solutions, as is the case for λ̄2 = 0, whose load-displacement
curve is shown in Figure 4.4B. This load-displacement response exhibits numer-
ous “flower petals” and for each limit point (maximum or minimum) the arch
transitions to a different mode shape, i.e. the number of half-waves across the
span changes. Hence, the solid green line corresponds to degree of instability two
with three half-waves along the span, and the broken green line corresponds to a
third degree of instability or greater with five or more half-waves across the span.
These observations agree with the findings presented by Pi et al. [191]. Additional
bifurcation points are also observed on the dashed curve, but omitted here for
clarity. Second, we note that Figure 4.4B shows that the bifurcation points, when
compared to the baseline configuration (Figure 4.1A), have migrated along the
equilibrium path and are now observed before the limit points – restricting the
stable, useful design space.
Removing all solutions with degrees of instability three and above from the
surface solution in Figure 4.4A produces a somewhat clearer representation of the
available design space as illustrated in Figure 4.4C and 4.4D, where Figure 4.4C
is an isometric projection of the equilibrium surface, and Figure 4.4D is an ortho-
graphic projection in the λ̄2-displacement plane. Figure 4.4D shows a number of
interesting points. Point (I) corresponds to the greatest peak before snap-though,
and thus the greatest load-carrying capacity, therefore presenting the optimum
load-carrying configuration (in terms of maximum λ1/d ratio). Point (II) illus-
trates a bifurcation in λ̄2 space. Point (III) represents the value of λ̄2 for which
snap-through behaviour first occurs. Point (IV) indicates a single point where a
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bifurcation point has merged with a limit point to form a so-called hilltop branch-
ing point, i.e. where the fundamental path transitions from stable equilibrium
to equilibrium with two unstable modes. Finally, dashed-line (V) corresponds to
the configuration of λ̄2 = 0.154525 with the greatest stiffness through deformation
i.e. maximum λ1/d which reaches its maximum at the first instability load at point
(I).
The results presented in Figure 4.4 are not traced from only one fundamental
path, in fact multiple fundamental (load-displacement) paths were traced in order
to obtain the full surface in parameter space. As evident in Figure 4.4D there
are regions of the surface that are disconnected from either of the fundamental
solutions at λ̄2 = 0 or λ̄2 = 1. The process for creating a complete surface involves
first tracing as many points from the fundamental paths at λ̄2 = 0 and λ̄2 = 1, and
then by observation determine the most optimum value for λ̄2 that would result
in the most complete surface, ideally within the centre of an isola. For Figure 4.4
the third fundamental path used in conjunction with the two aforementioned was
λ̄2 = 0.15.
Given that engineering structures are typically designed for maximum load
carrying capacity and minimum deflection for a given mass, the distribution of
cross-sectional area corresponding to λ̄2 = 0.154525 is defined as the most efficient
design. This particular configuration is characterised by a redistribution of mass
from the supported edges to the centre of the arch, i.e. distribution of mass towards
the centre of the beam and away from the boundary conditions. This is not
necessarily an intuitive finding, and merits further discussion.
For comparison, the results for three different distributions were evaluated,
(i) constant cross-section λ̄const2 = 0.337979, (ii) optimum distribution λ̄
opt
2 =
0.154525, and (iii) “inverse-optimum” distribution λ̄inv2 = 0.521433. The “inverse-
optimum” configuration was defined as the inverse of the optimum value for λ2








transformed to the normalised λ̄inv2 parameter value using Eq. (4.1).
The critical buckling loads for all three configurations were found to vary
significantly, λconst1,crit = 91.97, λ
opt
1,crit = 104.5 and λ
inv
1,crit = 67.15. At the respective
critical buckling loads the overall deformation of the arch was evaluated (See Figure
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Figure 4.5: Nonlinear analysis: Plots of the (A) Actual deformation of the
arch, (B) Membrane energy, Πm, (C) Membrane force, Nx, normalised with
respect to critical buckling load, (D) Membrane force, Nx, normalised with re-
spect to the reaction load at the boundary, (E) Bending energy, Πb, (F) Bending
moment, Mx, normalised with respect to critical buckling load, (G) Bending mo-
ment, Mx, normalised with respect to the reaction moment at the boundary,
all at the critical buckling load. The red curves correspond to the optimum
spanwise distribution of area, the blue corresponds to the constant spanwise
area, and the green corresponds to the inverse-optimum spanwise distribution
of area.
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Figure 4.6: Linear analysis: Plots of the (A) Amplified deformation of the
arch (×1000), (B) Membrane energy, Πm, (C) Membrane force, Nx, normalised
with respect to critical buckling load, (D) Membrane force, Nx, normalised with
respect to the reaction load at the boundary, (E) Bending energy, Πb, (F) Bend-
ing moment, Mx, normalised with respect to critical buckling load, (G) Bending
moment, Mx, normalised with respect to the reaction moment at the boundary,
all at the critical buckling load. The red curves correspond to the optimum
spanwise distribution of area, the blue corresponds to the constant spanwise
area, and the green corresponds to the inverse-optimum spanwise distribution
of area.
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4.5A) alongside the internal membrane energy Πm (Figure 4.5B) and membrane
forces Nx (Figures 4.5C and 4.5D), as well as the bending energy (Figure 4.5E)
and bending moments (Figures 4.5F and 4.5G).
As a result of reaching 1.56 times the critical snap-through load, the optimum
configuration deforms more than the inverse-optimum configuration at the point
of snap-through (see Figure 4.5A). As this relative increase in deformation is con-
siderably less than the 1.56 times increase in load, the stiffness of the optimum
configuration is greater than the inverse-optimum configuration. The mode shape
of the optimum configuration also suggests that the deformation is more uniform
over the central portion of the arch where snap-through occurs, suggesting that the
internal loads are being re-distributed to use the available material more efficiently.
In fact, the distribution of the membrane forces over the arch span can pro-
vide further physical insight into the optimal distribution of the cross-sectional
area. It is well known that many structural instabilities are driven by destabil-
ising compressive membrane forces. The equilibrium equation of shallow arches


























where w0 is the transverse displacement of the arch, R is the radius of curvature,
and Ns is the membrane force. Note that for a shallow arch Nx and Ns are
essentially indistinguishable. In the arch problem considered here, the transversely
applied load at the mid-span forces the ends of the arch to expand outwards,
but because this is prevented by the encastré boundary conditions a compressive
reaction force is induced throughout the structure. As this compressive membrane
force −Ns increases in magnitude, the transverse bending rigidity provided by EI
is reduced until the arch loses its capability to support any form of transverse
loading.
As the snap-through instability occurs at the mid-span of the arch, it intu-
itively follows that increasing the load carrying capability of the arch requires a
re-distribution of the compressive membrane forces away from the mid-span and
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towards the supported edges. In fact, this mechanism is widely attributed to the
improved load-carrying capability of variable-angle tow composite plates under
compression [192]. Variable angle-tow plates are composite laminates manufac-
tured from orthotropic plies with the reinforcing fibres steered continuously over
the planform in curvilinear paths. As a result of this stiffness variation com-
pressive stresses can be tailored, i.e. re-distributed from the central unsupported
region of the plate to the supported edges, thereby significantly increasing the
critical buckling load [192].
Precisely the same mechanism can be observed for the arch studied here. For
example, consider the membrane energy in Figure 4.5B. The constant cross-section
(green) provides a relatively constant membrane energy across the span. The opti-
mum configuration (blue) reduces the membrane energy over the critical mid-span
region where snap-through occurs. It is clearly visible that membrane energy is
distributed outwards away from the critical region and towards the supported
edges. Furthermore, the opposite distribution membrane energy is observed for
the “inverse-optimum” distribution (red)—the membrane energy is maximised to-
wards the centre.
The significance of this re-distribution is further emphasised in Figures 4.5C
and 4.5D, which respectively show the membrane force Nx along the length of the
beam normalised by the respective critical buckling load and the reaction force Nx
at the boundary. Figure 4.5C shows that changes in distribution of cross-sectional
area from the inverse-optimum configuration (thicker towards the boundaries) to
a constant cross-sectional area and further to the optimum configuration (thicker
towards the mid-span) reduces the magnitude of the compressive load across the
arch. Furthermore, Figure 4.5D illustrates that for the optimum design not only
the magnitude of the compressive load is reduced at the critical mid-span region,
but the distribution of Nx is also more uniform across the entire arch domain.
Conversely, Figures 4.5E–4.5G show that the optimum cross-sectional area distri-
bution leads to a concentration of bending energy at the mid-span and greater
magnitude of bending moment over most portions of the arch, thereby maximis-
ing the out-of-plane bending deformation before snap-through occurs as previously
noted for Figure 4.5A. Hence, the optimum area distribution redistributes some
of the internal loading from membrane action to bending action.
The optimum design is found to be in agreement with the findings observed
by Rapp [186], whereby the critical buckling loads are evaluated for non-uniform
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beams with three different volume distributions. The only case directly comparable
to the present work is m = 2 and n = 2 in [186], and agree with the findings herein.
To illustrate further the dangers entailed in optimising the distribution of
cross-sectional area using linear assumptions, a linear analysis is also presented
for comparison (See Figure 4.6). The deformation shape, energies, moments and
tractions presented in Figure 4.5 are replicated once more for a linear analysis
in Figure 4.6, however the deformation mode for the linear case in Figure 4.6A
has been amplified (a thousand times). Immediately evident is the fact that for
the same applied load the deformation is now greatest for the inverse-optimum
distribution (See Figure 4.6A) and the overall deformation shape is different to
that presented for the nonlinear analysis. Figure 4.6B shows that the membrane
energy Πm has similar characteristics when compared to the nonlinear analysis,
however in the linear case the difference between the inverse-optimum and opti-
mum configurations are significant. Therefore in optimising for an arch for the
greatest membrane energy at the midpoint a linear assumption would direct the
engineer towards the inverse-optimum configuration, however the nonlinear anal-
ysis in Figure 4.5B illustrates that constant cross-section does in fact harbour
the highest membrane energy at the midpoint. In comparing the linear to the
nonlinear analyses, the membrane forces normalised with respect to the critical
load λcrit (for nonlinear, or maximum applied load for linear analyses) presents
the most interesting comparison. The linear analyses shows a reduced magnitude
Nx/λcrit for all three configurations when compared to the nonlinear presented in
Figure 4.5B. This therefore suggests that the nonlinear deformation is attributing
to the distribution of internal membrane forces throughout the structure. The
optimum distribution does however provide the most consistent and stable values
across both analyses. The conclusion that the nonlinear deformation is attribut-
ing to the distribution of internal forces is further highlighted in comparing the
bending energies from Figure 4.5E to Figure 4.6E. The linear analysis shows that
the midspan energies for all three distributions is significantly greater than it is
across the remainder of the arch, however when evaluating the nonlinear analy-
ses in Figure 4.5E it is clear that although the central region remains dominant
for bending energy, this bending energy is also increased across the rest of the
beam. This effect seems to be more pronounced for the optimum-distribution of
cross-sectional area but minor gains are also observed for the other configurations
too.
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The linear design of arch structures, such as masonry arches in antiquity, is of-
ten based on minimising bending moments and maximising the compressive thrust
within the arch. This is because the mortar used to bind together the rigid links
of the arch fare poorly under tensile loading. In this regard, a linear design of
a masonry arch would be based on maximising the compressive membrane force
throughout the structure. As shown in Figure 4.5C the compressive membrane
force is uniformly at the greatest value throughout the inverse-optimum structure.
Hence, the inverse-optimum distribution (thicker at the boundaries and thinner
towards the mid-span) could be viewed as an optimised design for masonry arches,
and this is indeed the case for many arch bridges and aqueducts. This compari-
son illustrates the risks entailed in optimising elastic arches used in the nonlinear
domain using linear assumptions, as the design driver, i.e. minimising the com-
pressive thrust, is indeed opposite to that for most linear arches.
4.3.3 Changing total arch volume, λ3
With an optimum mass distribution of λ̄2 = 0.154525 defined, the average cross-
sectional area, parameter λ̄3, is now varied. As the width and density of the arch
remain fixed, varying λ̄3 investigates the effect of increasing material volume.
As the baseline model has been optimised, in terms of the distribution of
volume, the original load-displacement equilibrium solution can no longer be used
as a reference for further evaluation. It is therefore necessary to find the solution
to the fundamental equilibrium path with parameter λ̄2 = 0.154525. This newly-
created load-displacement path is then used as a starting point to expand the
equilibrium surface into the λ3-direction as illustrated in Figure 4.7.
The maximum mass is defined for λ̄3 = 1 and the minimum mass correspond-
ing to the previously optimised solution corresponds to λ̄3 = 0. Two important
conclusions can be drawn from Figure 4.7. First, the qualitative behaviour of the
structure changes when volume is increased, i.e. snap-through becomes more non-
linear and thus physically more sudden. Second, the snap-through displacement
increases inversely with volume, i.e. the snap-distance is greater for lighter arches.
Figure 4.7 is a good example of a visual aid that is useful to the design engineer.
The most important aspect of any structure is usually the load carrying capacity.
Each equilibrium curve drawn in Figure 4.7 represents a fixed load, and it is






























Figure 4.7: Plots of the (A) Load-displacement behaviour of an arched beam
with a height-to-span ratio of 1/10. Parameter λ3 corresponds to the average
cross-sectional area, and therefore relates directly to total volume of the beam.
The average area is varied within bounds of λ3 = [0.2586, 0.5570], (B) An ortho-
graphic view of (A) in the λ̄3-displacement plane. Blue: Stable; Red: Unstable,
one negative eigenvalue; Green: Unstable: two or more negative eigenvalues
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therefore possible to follow a given load to find a specified displacement before or
even after snap-through has occurred. This technique allows engineers to design
more efficient structures by fully exploiting nonlinear kinematics.
4.4 Conclusions
The aim of this investigation was to explore the mechanics of shallow arched
beams using a computational framework known as generalised path-following, our
objective being to illustrate the juxtaposition between the design of a linear and
a nonlinear arch structure.
This investigation produces equilibrium surfaces of the structural behaviour
which facilitate an intuitive understanding of the structural stability response with
respect to any number of parameters, here the external load, distribution of mass,
total mass and arch height. The design of this simple arch proves to be very
sensitive to the investigated parameters. Nonlinear buckling behaviour of arched
beams strongly depends on the arch rise height, the beam slenderness ratio, beam
volume, and most interestingly the spanwise distribution of cross-sectional area.
A quadratic distribution of a marginally thicker cross-section at the mid-span
provides the greatest rigidity to a centrally applied bending load, i.e. the greatest
load carrying capacity to displacement ratio. Although the analysis was restricted
to only geometrical nonlinearities, the strain was assessed throughout the loading
history and showed no sign of plasticity onset. Indeed, the mechanics of slender
shallow arches are typically governed by snap-through instabilities [176].
Furthermore, we illustrate that the mechanics of shallow nonlinear circular
arches are topologically opposed to that of the linear equivalent. It shows that
there are essentially two approaches to designing arches. In many linear structures,
such as masonry arches, the optimum design drives a re-distribution of mass to the
supported boundary conditions, and thus a linear analysis tool is sufficient. For
the nonlinear structure investigated here, the opposite is true as a redistribution of
mass towards the mid-span reduces the destabilising compressive membrane force
within the structure, which in turn increases the load-carrying capacity before the
first instability is observed. This physical mechanism is analogous to variable angle
tow plates, where compressive stresses are redistributed from the unsupported
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centre of the plate to supported edges. Finally, by redistributing mass the load-
carrying capacity of the arch at the first instability load is increased by 14% over
the baseline design of constant cross-sectional area.
In bringing this chapter to a close it should be noted that generalised path-
following was not explicitly used herein but a parametric study of single-parameter
continuation techniques were used to generate the solution surfaces presented.
The justification for this is simple, the concept of generalised path-following is
somewhat complex to those unfamiliar with the concept and these solution surfaces
act as an aid in educating the reader before the more abstract presentations of
information is presented. In the following chapters the generalised path-following
method is employed exploiting heavily the ability to branch-switch, but also in
places to follow the pitchfork bifurcation path in parameter space. Therefore,
rather than solving the “blue”, “red” and “green” solution domains as illustrated
in Figure 4.7, a single path will be traced along the intersection between the “blue”
(stable) and “red” (unstable) region. The benefits of using the generalised path-
following method increase with the complexity of the problem as it only requires
the tracing of one locus as opposed to a many when conducting a parametric study,
thus for complex problems the time taken to achieve a final solution is drastically
reduced.
Chapter 5
Exploiting Inherent Capacity by
Nudging: Frame Structures
A novel concept termed “modal nudging” is introduced, which en-
ables the improvement of structural response — in terms of increased
load-carrying capacity and/or compliance — without any significant
increase in structural mass. Modal nudging is based on new insight
into nonlinear elasticity and makes use of the post-buckled deformation
phase to alter the undeformed initial geometry of a given structure in
order to tailor its structural response. The stability of nonlinear struc-
tures is paramount to their application, and it is shown that there exist
new previously-unseen unconnected stable solutions which are capable
of carrying higher load than the baseline structure - it is now possible
to exploit these stable solutions.
5.1 Introduction & literary background
The buckling and post-buckling behaviour of slender structures is increasingly be-
ing harnessed for smart functionalities. Equally, the post-buckling regime of many
traditional engineering structures is not being used for design and may there-
fore harbour latent load-bearing capacity for further structural efficiency. Both
applications can benefit from a robust means of modifying and controlling the
post-buckling behaviour for a specific purpose. To this end, we introduce a struc-
tural design paradigm termed modal nudging, which can be used to tailor the post-
buckling response of slender engineering structures without any significant increase
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in mass. Modal nudging uses deformation modes of stable post-buckled equilib-
ria to perturb the undeformed baseline geometry of the structure imperceptibly,
thereby favouring the seeded post-buckling response over potential alternatives.
The benefits of this technique are enhanced control over the post-buckling be-
haviour, such as modal differentiation for smart structures that use snap-buckling
for shape adaptation, or alternatively, increased load-carrying capacity, increased
compliance or a shift from imperfection sensitivity to imperfection insensitivity.
Although these concepts are, in theory, of general applicability, we concentrate
here on planar frame structures analysed using the nonlinear finite element method
and numerical continuation procedures. Using these computational techniques, we
show that planar frame structures may exhibit isolated regions of stable equilib-
ria in otherwise unstable post-buckling regimes, or indeed stable equilibria entirely
disconnected from the natural structural response. In both cases, the load-carrying
capacity of these isolated stable equilibria is greater than the natural structural re-
sponse of the frames. Using the concept of modal nudging it is possible to “nudge”
the frames onto these equilibrium paths of greater load-carrying capacity. Owing
to the scale invariance of modal nudging, these findings may impact the design of
structures from the micro- to the macro-scale.
Many smart applications employ bistable components for additional function-
ality. In this case, the buckling behaviour is binary and no additional control,
beyond the applied load, is required to transition between two configurations. Al-
ternatively, shape-adaptive components can be designed to feature a number of
different stable post-buckled configurations, and in this case, a means of modal
differentiation is required [193]. This is especially the case, because structures
that can attain a larger number of stable configurations, such as cylindrical shells,
suffer from severe imperfection sensitivity, and hence, prediction and control of
the observed behaviour is challenging.
Equally, traditional engineering structures can benefit from controlling the
post-buckling behaviour. A major goal of any post-buckling analysis is to differ-
entiate between post-critical behaviour that is stable and progressive, or unstable
and catastrophic. In case of the former, the structure continues to take load be-
yond the first instability point, but often with reduced rigidity. Furthermore, the
structure can have more than one stable post-buckling response, with no guar-
antee that the naturally observed behaviour leads to the greatest load-carrying
capacity or compliance before failure. In case of the latter, the initially unstable
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post-critical behaviour typically stabilises deeper into the post-critical regime, but
once the structure snaps into this configuration, the load-carrying capability of the
structure has often been reduced or irreversible material nonlinearity has occurred.
Furthermore, the sharp two-thirds power law of the cusp catastrophe, which gov-
erns the relation between buckling load and geometric imperfections, implies a
pronounced and detrimental sensitivity to imperfections [62]. The combination
of imperfection sensitivity and the stochastic nature of imperfections leads to un-
certainty during design [52], which means that imperfection-sensitive structures,
such as cylindrical shells under axial compression, are designed with empirically
derived and often conservative knock-down factors [194].
In this vein, this chapter explores the potential of controlling structural nonlin-
earities to tailor the post-buckling response of engineering structures for a specific
purpose. Several recent studies have illustrated the benefits of an applied imper-
fection/geometry change. Mang et al. [63] and Schranz et al. [61] have successfully
studied the design of imperfection-insensitive structures with a range of different
approaches. Their research shows that this can be achieved by altering the thick-
ness of structures, attaching auxiliary members such as springs to the structure,
and also by altering the geometry of the structure e.g. arch rise height. Although
successful in mitigating imperfection sensitivity, these approaches often render
the insensitive structure less useful in operation. Limitations include geometrical
space constraints that may prevent the use of auxiliary springs, or the fact that the
height of an arch is typically fixed a priori. Furthermore, certain structures do not
lend themselves well to the attachments of other components. Ning and Pellegrino
[60, 64] designed cylindrical shell structures with a wavy cross-section to ensure
the structure is less sensitive to imperfections. However, this essentially entails
applying an imperfection so large that it can no longer be seen as an imperfection,
but instead a complete geometry change. Previously the concept of applying an
imperfection in the form of a nonlinear buckling mode, a linear bifurcation mode
and nonlinear post-buckled mode shape was conducted by Song et al. [65], and
their results generate similar responses to one another for large-scale cylindrical
shells. With the advent of composite materials the ability to control the critical
stability of structures has improved. Abramovich and Bisagni [67] experimentally
investigated the first buckling load of five different cylindrical panels and show a
large scatter between results.
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White and Weaver [68] introduced an interesting concept for imperfection-
insensitive cylindrical shells by using the stiffness-tailoring capacity of fibre-reinforced
plastic materials. By means of an optimisation framework, White and Weaver [68]
showed that laminated composites with curvilinearly varying fibre paths can be
used to tailor the elastic modulus across cylindrical panels such that there is no
degradation in axial stiffness in the post-buckling regime. In this manner, the typ-
ically unstable “shell-like” post-buckling response can be transformed into a more
benign stable “plate-like” response. Similarly, Wu et al. [69] used the technology of
fibre-steering to tailor both the fibre orientation and thickness of composite pan-
els under compression to optimise to an effectively “buckle-free” structure with
negligible loss of axial stiffness in the post-critical regime.
Finally, Burgueño and co-workers have published extensively on tailoring the
post-buckling behaviour of slender structures for smart applications. For exam-
ple, the mode-jumping characteristics (number of mode jumps, load drops during
mode jumping, hysteretic energy dissipation, etc.) in the post-buckling regime
of axially compressed cylindrical shells may be controlled by patterned stiffness
distributions, lateral constraints and laminate stacking sequence variations [58].
Similarly, the elastic post-buckling response in terms of initial and final stiffness
can also be tailored using modal superpositions of buckling modes seeded as initial
imperfections [104]. This approach is also valuable for reducing the imperfection
sensitivity of axially compressed cylindrical shells [59, 105].
5.1.1 Aims and objectives
This chapter follows a similar approach in that “imperfections by design” cre-
ate opportunities for achieving a particular post-buckling response. The present
approach differs in that it does not use superpositions of buckling eigenmodes
as seeded imperfections, which require an optimisation procedure to find the
modal combination that yields the desired response. Instead, the present approach
chooses a particular desirable deformation mode from the post-buckling regime of
the baseline idealised structure, and then applies this mode as an initial seed to
“nudge” the structure onto this particular post-buckling path. This methodology
therefore requires a comprehensive quasi-static exploration of the design space to
identify desirable regions of stable equilibria. To reflect this methodology we use
the term modal nudging, and the aim of this chapter is to introduce this concept as
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a general design paradigm—first, as a means of converting imperfection-sensitive
structures into imperfection-insensitive designs in a minimally invasive manner,
and second, as a way of exploiting latent load-carrying capacity.
The remaining sections of this chapter are structured as follows. Section 5.2
introduces the concept of modal nudging using two planar frame structures, and
presents the results of both frames with a discussion of the key findings. Section 5.3
introduces two additional frames, which highlight some of the limitations of modal
nudging. Finally, conclusions are drawn in Section 5.4.
5.2 Modal nudging
Modal nudging is a design strategy that intends to improve the load-carrying ca-
pacity, compliance and/or stability of a structure, by nudging the structure to
follow a specific equilibrium path. The term “nudging” is borrowed from nudge
theory—recently awarded the Nobel prize in economic sciences [195, 196], common
also in political theory [197] and behavioural science [198]—where small sugges-
tions are used to elicit non-forced compliance in individuals.
Modal nudging is a simple-to-employ method akin to applying a specific geo-
metric imperfection to the original, stress-free geometry of a structure. In struc-
tural mechanics, imperfections traditionally relate to small stochastic deviations
from an idealised model geometry that are credited for drastically reducing the ex-
perimentally observed buckling loads of post-critically unstable structures. Modal
nudging differs from this traditional definition in that the small geometric changes
applied to the structure are (i) deterministically chosen and imposed with intent;
and (ii) do not lead to an impaired version of the idealised behaviour, but to an
entirely new structural response. In this regard, the geometric changes imposed
by modal nudging cannot be viewed as the inevitable imperfections of reality, but
rather as chosen design features, which nonetheless, remain negligibly small com-
pared to the original geometry. In this manner, a nudge may be described as a
non-random, yet small, initial perturbation.
A particular nudge mode is chosen from information gathered about the post-
buckled regime of the baseline idealised structure. A comprehensive exploration of
the post-buckled regime will often reveal isolated regions of stable equilibria with
greater load-carrying capacity than the natural structural response. The regions
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are unattainable through the standard loading history because the regions are
separated from the natural behaviour by energy barriers or interstitial unstable
equilibria. Through modal nudging, the geometry of the baseline structure is
marginally altered using the mode shape of a desired post-buckled state, so that
the structure favours the desired response from the unloaded state. This approach
does not induce any significant additions in mass (other than the minor increase
derived from an applied curvature to a previously straight elements) and does
not pose any significant drawbacks in terms of manufacturability or functionality
during operation. Furthermore, it does not involve additional perturbation loads
nor changes to original boundary conditions. However, it must be noted that the
modal nudging technique shows to be of little use in improving the stability of
asymmetric structures owing to the lack of stability in the post-buckled state.
Throughout the chapter we differentiate between two different types of nudges.
A modal nudge relates to the concept of nudging a structure by applying a small
change to the undeformed geometry in the form of the deformation mode of the
desired equilibrium path. Alternatively, a feature nudge uses the dominant feature
of the deformation mode corresponding to the desired equilibrium path. In both
cases, the nature of these nudges is static, meaning that the original geometry of
the structure is altered in the undeformed state, and no further dynamic nudges
are applied throughout the loading history. The essence of modal nudging is con-
ceptually illustrated in Figure 5.1. An idealised structure governed by unstable-
symmetric branching with undesirable imperfection sensitivity (Figure 5.1A), is
transformed into a structure governed by stable-symmetric branching with desir-
able imperfection insensitivity (Figure 5.1B). Modal nudging also allows the design
engineer to select which of the two desirable paths (left or right in Figure 5.1B)
the nudged structure will adopt.
5.2.1 Nudging procedure and model definition
The fundamental prerequisite for applying modal nudging is a comprehensive ex-
ploration of the geometrically nonlinear structural response, and once again numer-
ical continuation within a finite element framework (generalised path-following)
proves to be an appropriate method for this task. Herein, an in-house Mat-
lab-based finite element code [165] is used, which makes use of quadratic beam


















Figure 5.1: Perfect and imperfect bifurcation branching responses: (A) Sub-









Figure 5.2: Two planar frames: (A) Frame-1 and (B) Frame-2. The diag-
onal cross-members are not connected to each other at the points of intersec-
tion. Point load F is applied vertically downwards at midspan and the vertical
displacement w is observed. All members have identical material and cross-
sectional properties. The horizontal members are of the same length, L, as the
vertical members, H, such that L = H.
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elements employing the finite strain theory proposed by Reissner [188] and formu-
lated on a total Lagrangian basis. This in-house Matlab code has been validated
numerous times and on various occasions against commercial FE packages, other
results in the literature and also experimental results. For a selected list of exam-
ples the reader is directed to [165, 185, 193, 199]. Each member within the frame
is modelled using 10 elements as this was found to satisfy the convergence studies
that focused on the deep-post-buckled régime.
On discovering a potentially desirable stable equilibrium solution beyond the
first instability point of a structure, we extract the deformation mode, ustate, of
any state along the desirable stable branch and then use this state to alter the
original, undeformed geometry, x0, of the structure. Hence,







η‖ūstate  x0‖2  1, (5.3)
where η is the non-dimensional nudging parameter, and  is the Hadamard divi-
sion operator defined by Ci = Ai/Bi with the subscript denoting the i
th component
of the vector. The magnitude of the nudging parameter will vary from structure
to structure and from mode shape to mode shape, but for all nudges in this the-
sis Eq. (5.3) holds—for reference, a typical value for this expression is between
1× 10−4 and 5× 10−4 for the frame structures presented herein, but can increase
further for feature nudging1. For a structure where Eq. (5.3) is not valid, the corre-
sponding geometrical change can no longer be classified as a nudge, but rather as
an entirely new structure in its own right with its own unique structural response.
This latter concept is addressed further in Section 5.3.
Two frames are evaluated herein, frame-1 and frame-2, illustrated in Fig-
ures 5.2A and 5.2B, respectively. For each frame, the unit cell length, L, is equal
to the frame height, H, such that L = H. Both frames are symmetric about the
vertical plane. In each case, a non-follower load, F , is applied to the bottom of
the central vertical member, producing a vertical displacement, w, at the same
1Feature nudging is discussed in Section 5.2.3.
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point. Note, that the structures in Figure 5.2 are frame and not truss structures,
meaning that joints are rigid and all members, each with identical material and
cross-sectional properties, may deform in both membrane and bending action. In
addition, the diagonal members are free to pass over each other and are not fixed at
their intersections. Finally, the cross-section of each of the members is rectangular
with cross-sectional width b = 0.0181 m and cross-sectional height t = 0.0173 m.
5.2.2 Modal nudging: Frame-1
Figure 5.3A shows the load-displacement response of frame-1, with the stability
of each equilibrium path highlighted. The plots are presented as non-dimensional
quantities, with F̄ = FL2/Eb and w̄ = w/L, where E and b are Young’s modulus
and out-of-the-page width of each the members. In Figure 5.3A, the solutions
highlighted in blue are stable equilibria and can be observed experimentally in
a quasi-static loading regime. The unstable solutions highlighted in red can be
computed numerically but are not readily observed experimentally because they
are unstable to small perturbations. Figure 5.3A also shows various branch points
(B1-B5) and limit points (L1-L4) highlighted by black dots. Limit points are min-
ima and maxima of equilibrium paths, whereas branch points denote intersections
between different equilibrium paths.
For clarity, the equilibrium plot of Figure 5.3 is abridged, with a number
of branched equilibrium paths plotted in grey colour. Each of these grey paths
corresponds to an unstable solution, which is of little interest here and simply
included for completeness. Three paths are presented in grey, a path from branch
point B4, a path from branch point B5, and finally a path connecting branch points
B2 and B3.
Upon loading from the unloaded state, the structure deforms linearly until the
fundamentally symmetric behaviour loses stability at branch point B1. At this
point, some members of the frame buckle and the structure transitions onto the
branched bifurcation path-I (See Figure 5.3B), which is characterised by an asym-
metric deformation mode shown in Figure 5.3C.1. This loading history is referred
to as the natural path, as it describes the physical response that the structure nat-
urally manifests under the imposed loading history. For clarity, it is important to
note that although this deformation mode is geometrically asymmetric, the equi-
librium path-I is in fact symmetric, that is it belongs to a symmetric pitchfork
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Figure 5.3: (A) The non-dimensionalised load-displacement response for
frame-1 with various branch and limit points highlighted as black dots. Limit
points are minima and maxima, while branch points denote intersections be-
tween equilibrium paths. For clarity, some equilibrium paths emanating from
branch points are shown in grey. These grey paths are unstable and each rep-
resent a unique asymmetrical deformation mode shape that is of little interest
here; (B) A close-up view of (A) illustrating the three stable paths of interest
(blue). Path-I is the original bifurcated asymmetric path, path-II is a desir-
able stable path of greater load-carrying capacity, and path-III is the highest
load-carrying and most compliant stable response; (C) The deformation states
observed at the beginning of each path: (C.1) path-I, an asymmetric deforma-
tion mode shape; (C.2) path-II, a symmetric deformation mode shape; (C.3)
path-III, a symmetric deformation mode shape.
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bifurcation stemming from bifurcation point B1. This is verified by reversing the
sign of ūstate in equation 5.1. The reversed structure exhibits an identical defor-
mation mode shape to the original response, however, in a mirror-image form. In
other words, given the norm of the displacement field adopted here, two identical
branches overlap on path-I: One corresponding to the mode show in Figure 5.3C.1
and the other corresponding to its mirror image. To avoid confusion, we hence-
forth refer exclusively to the symmetry and asymmetry of the deformation mode,
not the equilibrium path.
The response illustrated in Figure 5.3 is particularly interesting because two
additional stable equilibrium paths (path-II and path-III) exist, which are capable
of carrying greater load than the natural path-I. Path-II corresponds to the post-
critical behaviour of the fundamental path, which initially destabilises at branch
point B1 but then re-stabilises at branch point B2. As expected, the corresponding
deformation mode shown in Figure 5.3C.2 is symmetric. This equilibrium path
is unattainable by means of the current loading regime, due to the interstitial
unstable region between B1 and B2. Path-III also corresponds to a symmetric
deformation mode as shown in Figure 5.3C.3. In this instance, however, the path
is an entirely new equilibrium path that is detached from the fundamental path,
and hence unattainable because it is separated by an energy barrier from the
fundamental response. This means that it is possible to transition between path-
II and path-III, but only by means of an applied secondary load that snaps the
frame from mode shape C.2 to mode shape C.3.
The idea of modal nudging is to apply a negligibly small, linearly scaled version
of the deformation modes on path-II and path-III to the initial geometry of the
structure (see Eq. (5.1)), in order to nudge it onto the respective paths and away
from the natural path-I. Thus, the geometry of the structure is slightly perturbed
such that path-II or path-III is energetically favourable over path-I.
Note that the mode shapes illustrated in Figure 5.3C.1-3 are amplifications of
the first time step after the critical point forming the path. On any equilibrium
path, there exist any number of states, each corresponding to a snap-shot of the
structure as it deforms. Owing to nonlinear nature of the equilibrium paths,
the relative deformation between members is not constant along a specific path.
With respect to modal nudging, the choice of the state used as the nudge mode
is therefore significant, but not necessarily critical. In our experience, the state
used in nudging can be any state along the stable paths of interest, and all states
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thereof will successfully cause the nudged structure to converge onto the desired
path. For convenience, the nudge mode is always chosen to be the first numerically
computed state after a critical point (usually a branch point), and as shown in
Eq. (5.2), the nudge mode is always a normalised version of the chosen state.
The effect of modal nudging is presented graphically in Figure 5.4, and com-
pared directly to the original baseline response. For comparison, each plot contains
additional background curves in grey colour corresponding to the original base-
line response. As intuitively expected, applying modal nudging using a state from
the natural path-I results in an identical overall response to the baseline. Using
a nudging parameter of η = 0.645 × 10−3, the plot in Figure 5.4A shows that
the structure transitions smoothly from the fundamental linear path to the nat-
ural path-I in the vicinity of B1. For general reference, a nudging parameter of
η = 0.645×10−3 results in a maximum geometric alteration of only ūη = 1.5×10−3
at the upper right corner of the frame, normalised with respect to the unit span
L (ūη = max(η|ustate|)/L).
The symmetry-breaking branch point B1 disappears in Figure 5.4A because
modal nudging has broken this symmetry group from the beginning. This be-
haviour is akin to the well-known broken-pitchfork response shown in Figure 5.1.
For clarity, the broken-away portion of the equilibrium path is shown in Fig-
ure 5.4B. This figure illustrates the effects of path-I nudging on the response of
path-II and path-III. In particular, branch point B2 of the baseline response van-
ishes, leading to a broken pitchfork with a limit point LIB2. Thus, path-II is now
unconnected from the fundamental path in the same manner as shown in Fig-
ure 5.1. Similarly, for path-III the branch point B4 has vanished and has formed
a limit point LIB4.
The critical response for the path-I-nudged geometry is identical to the un-
nudged structure. For both structures, the critical non-dimensionalised load-
carrying capacity is F̄ = 2.438×10−5 at a critical non-dimensional displacement of
w̄ = 7.17×10−3. As the applied nudge mode is from the natural path, the nudging
parameter value required is relatively small. Selecting other states along path-I re-
sults in the same structural response, but deformation modes further along path-I,
i.e. for greater deformation magnitudes, result in greater sensitivity to the nudge
mode. This phenomena is attributed to the fact that the relative magnitude of
the critical eigenvector corresponding to branch point B1 increases the further we
progress along path-I.
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Figure 5.4: The non-dimensionalised force-displacement response for the
nudged frame-1. In each plot, the structural response of the baseline case is
presented in grey colour. (A) Modal nudging using a path-I mode. The physi-
cal response of the baseline model is reinforced; (B) Path-II and path-III when
the structure is nudged to path-I; (C) Modal nudging to path-II. With an initial
geometry enforcing the symmetry of state-II, increased load-carrying capacity is
observed; (D) Path-I and path-III when the structure is nudged to path-II; (E)
Modal nudging to path-III. With an initial geometry enforcing the symmetry of
state-III, load-carrying capacity and compliance are both increased; (F) Path-I
and path-II when the structure is nudged to path-III.
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Figure 5.4C illustrates nudging to path-II using a nudging parameter value
of η = 2.445 × 10−3. The maximum geometric alteration, ūη, for nudging to
path-II is found at the upper corner of the frame. For a nudging parameter value
of η = 2.445 × 10−3, this results in ūη = 5.5 × 10−3, i.e. a geometric alteration
of 0.55% with respect to the member length L of the baseline geometry. This
nudged geometry results in a new fundamental path, which follows the baseline
path-II and also removes the first symmetry-breaking branch point B1. As a
result, the path-II-nudge has stabilised the previously unstable equilibria beyond
B1, thereby capturing the previously unattainable load-carrying capacity of path-
II. The critical non-dimensional load of this nudged frame is F̄ = 2.576 × 10−5
(at branch point BII3 )—a 5.7% increase in load-carrying capacity compared to the
baseline geometry. However, the deformation before instability of the nudged
structure is almost halved compared to the baseline, from w̄ = 7.18× 10−3 (at L2)
to w̄ = 4.90× 10−3 (at BII3 ).
The effect of a path-II-nudge on the remaining two stable paths, path-I and
path-III, are shown in Figure 5.4D. Path-III remains largely unaffected, apart
from the minor increase in load at its lower-most limit point. Similar to the path-
I-nudge, nudging to path-II also removes the first branch point B1. For the path-I-
nudge, this occurs because the applied geometric alteration breaks the symmetry
group associated with branch point B1, and therefore leads to the classic case of a
broken pitchfork exhibited by imperfect structures. For the path-II-nudge, branch
point B1 disappears because the geometric alteration of the nudge mode enforces
symmetry and therefore makes it energetically unfavourable for the structure to
break this symmetry group. Indeed, the path-II-nudge applies a slight upwards
curvature to the top two horizontal members, thereby preventing the asymmetric
deformation originally initiated by branch point B1. The removal of branch point
B1 therefore forms a limit point L
II
B1 on a broken-away path-I, which now creates
a connection back to path-II via branch point BII3 .
Depending on the magnitude of the nudging parameter, nudging to path-II
can result in different behaviour. Figure 5.5 shows a black pitchfork path that
illustrates the evolution of branch points B1 and B2 of the un-nudged baseline
frame as the nudging parameter for path-II is increased. For the baseline frame,
branch points B1 and B2 signify the delimiting boundary points of the interstitial
unstable region, which prevents the structure from naturally converging onto path-
II. The pitchfork path shows that the applied nudge causes branch points B1 and










































Figure 5.5: A pitchfork path created by path-following the evolution of the
first instability point B1 with respect to the nudging parameter η. The pitchfork
path connects branch points B1 and B2 and generates a cusp catastrophe at
η = 2.445×10−3. This implies that for a nudge parameter η ≥ 2.445×10−3 the
two branch points do not exist and the natural response is given by a continuous
stable path.
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B2 to converge and then terminate at a cusp catastrophe. Hence, for a specific
magnitude of the nudge mode, η ≥ 2.445× 10−3 branch points B1 and B2 vanish,
the unstable region is removed and we recover the structural response illustrated
in Figure 5.4C. For values of η < 2.445 × 10−3, the unstable region remains,
suggesting that a critical magnitude of the nudge mode needs to be imposed for
this design strategy to work as desired.
From Figure 5.4E it is evident that path-III provides the most attractive po-
tential for modal nudging because it increases the stable load-carrying capacity
and also results in the most compliant response. Hence, bridging the energy bar-
rier between path-II and path-III uncovers the entire latent functional capacity of
this particular structure. In order to erode the energy barrier, the required nudg-
ing parameter value of η = 11.380×10−3 is somewhat larger than for the previous
two nudges. Nevertheless, the maximum geometric alteration of ūη = 25.6× 10−3,
once again corresponding to a resultant displacement applied to the node at the
upper corner of the frame, remains benign corresponding to a 1.28% change in the
lateral dimension of the original structure. The results in Figure 5.4E show the
complete removal of all critical points, and thus no sign of instability. Indeed, the
stable equilibrium path continues beyond the limits of practical elasticity and it is
therefore prudent to appreciate the limitations of such compliance. The limits of
the elastic regime with particular reference to strain is discussed in section 5.2.5.
The remaining two stable paths, path-I and path-II, are also affected by the
applied nudge to path-III, and the results are illustrated in Figure 5.4F. On first
viewing, it seems that the response of path-I and path-II is unchanged, but on
closer inspection it is clear that path-I now connects to the path which originally
bifurcated from B4 (shown in grey in Figure 5.3B). For path-II, the stable region
is elevated above the previous load-carrying capacity, as illustrated by the shift
away from the underlying grey baseline solution. This shift has also enabled a
connection to the unstable region of path-III.
5.2.3 Feature nudging: Frame-1
One potential drawback of the modal nudging procedure outline in the previous
section is that manufacturing a frame with the exact geometry of the mode shape
required could be costly and/or complicated. This could particularly be the case as
alterations to the geometry are of the order of 1-2% of the dominant original length




































































































































Figure 5.6: (A.1) The non-dimensionalised load-displacement response for the
feature-nudged frame-1, where the grey-coloured plot is an abridged version of
the baseline frame response, namely path-I and path-II from Figure 5.3B. The
black curve is a pitchfork path which tracks branch point B1 as the feature-
nudge parameter is varied. This pitchfork path connects branch points B1, B2
and B3; (A.2) A schematic diagram of the frame highlighting the feature nudge
used in this instance, where h is the circular arch rise applied of the top two
horizontal members; (B) A figure illustrating the same results as (A.1) as a 3D
projection in load vs. displacement vs. parameter space. The parameter is the
magnitude of the applied non-dimensionalised feature nudge h̄ = h/H. A value
of h̄ = 0 corresponds to two flat members, which recovers the original response
of the baseline frame-1. A negative value of h̄ < 0 indicates a feature nudge
of inverted arches, thus concave instead of the illustrated convex; (C.1) The
pitchfork curve as an orthonormal projection in load-displacement space; (C.2)
The pitchfork curve as an orthonormal projection in parameter-displacement
space; (C.3) The pitchfork curve as an orthonormal projection in parameter-
load space.
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scale. In this regard, an alternative approach to modal nudging is a feature nudge.
In this instance, a dominant feature from the desirable deformation mode shape
is used as a nudging parameter. For example, consider the deformation mode for
path-II (Figure 5.3C.2). The differentiating feature between the mode shape along
path-II and the natural mode of path-I (Figure 5.3C.1) is primarily the symmetric
convex deformation of the top two horizontal members. Hence, rather than using
the full mode shape, this particular feature can be used to nudge the structure onto
path-II. The goal of feature nudging is once again to enforce symmetry from the
outset and therefore remove the symmetry-breaking branch point B1. In applying
an initial convex curvature to the top two members of the frame, a symmetry-
breaking equilibrium path may still exist, but it will be separated by an energy
barrier from the fundamental symmetry-preserving solution.
The feature nudge explored here maintains the overall geometry of the frame,
but introduces two circular arches as the top two members of the frame (Fig-
ure 5.6A.2). The magnitude of the applied feature nudge is measured by the non-
dimensionalised arch height h̄ = h/H, where h is the midpoint rise of the arches.
As shown in Figure 5.6A.1, the feature nudge bridges the unstable interstitial re-
gion between branch points B1 and B2 and therefore enables the full exploitation
of path-II. However, it is also clear from Figure 5.6A.1 that the feature-nudged
response does not overlap with the un-nudged baseline path-II shown in grey. This
could be attributed to the fact that a circular arch is applied as a feature nudge as
opposed to the actual deformation mode of those arches. Hence, a feature nudge
is not as effective as a modal nudge, because it does not exploit the full mode
shape to nudge the structure onto the desired equilibrium path. This also means
that the feature nudge requires a greater magnitude of the nudge parameter to be
effective.
Using the capabilities of generalised path-following it is possible to trace the
evolution of branch points B1 and B2 vs. the feature-nudge parameter. Thus, a
locus of points tracing these branch points is solved in F -w-h̄ space, as shown
by the black curve in Figure 5.6. The 3D plot of this curve in Figure 5.6B, and
the orthonormal projections in C.2 and C.3, show that these two branch points
converge and then terminate at a cusp catastrophe for h̄ = 6.25×10−3. This means
that for a feature nudge with arch rise of h̄ ≥ 6.25× 10−3, the unstable region on
path-II is removed and a greater load-carrying capacity than the natural path-I
is achieved. Most importantly, this enhanced load-carrying capacity is achieved
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with minimal addition in mass. Any increase in mass is entirely due to the greater
arc-length of the arches compared to the flat members, but for a rise-to-span ratio
of 0.6%, this mass penalty is negligible.
Interestingly, Figure 5.6C.3 illustrates a double cusp behaviour at h̄ = 6.25×
10−3 and h̄ = −3.55 × 10−3. For upwards facing arches with h̄ ≥ 6.25 × 10−3
branch point B1 and B2 vanish and only branch point B3 remains. Similarly,
for downwards facing arches with h̄ ≤ −3.55 × 10−3 branch points B2 and B3
vanish and only branch point B1 remains. For any intermediate arch configuration
−3.55×10−3 ≤ h̄ ≤ 6.25×10−3 all three branch points exist. Hence, this behaviour
illustrates the general double cusp feature of the swallowtail catastrophe [200].
5.2.4 Modal nudging: Frame-2
Frame-2 geometrically extends frame-1 by adding four additional members to
the length of the overall frame (see Figure 5.2B). Figure 5.7 illustrates the non-
dimensional load-displacement response of frame-2 with the stability of equilibria
highlighted in colour (red, unstable; blue, stable; grey, unstable and of little im-
portance for modal nudging). The load-displacement plot in Figure 5.7A shows a
predominantly linear pre-buckling path, which results in an unstable post-buckling
behaviour at the first branch point B1. Owing to the subcritical nature of this
branch point, frame-2 would snap into a remote stable region of the fundamen-
tal path upon reaching B1, but because this portion of the curve is well into the
materially inelastic region it is not shown here. Hence, restricting the desirable
behaviour to elasticity, the baseline frame-2 is assumed to collapse and fail at B1.
However, frame-2 features a stable equilibrium path-II of greater load-carrying
capacity, which is disconnected from the natural path-I by an energy barrier. The
deformation mode shapes of path-I and path-II are presented in Figure 5.7C.1
and C.2, respectively. By seeding a small proportion of mode C.2 to the baseline
geometry of frame-2, it is possible to nudge the structure onto the equilibrium
path of greater load-carrying capacity.
Indeed, Figure 5.8 illustrates a successful modal nudge to path-II for an ap-
plied nudge parameter of η = 1.375×10−3. The benefits of modal nudging for this
frame extend beyond a mere increase in load-carrying capacity and compliance. In
this case, nudging has facilitated a clear transition in structural response from a
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Figure 5.7: (A) The non-dimensionalised load-displacement response for
frame-2, where a number of paths emanating from branch points are shown
in grey colour. These grey paths are unstable and each represents a unique
asymmetrical deformation mode shape that is of little interest to the techniques
used herein. The other colours used represent the stability of the associated
equilibrium curves: red & grey, unstable; blue, stable. The critical points, both
for branch points and limit points, are represented by black dots; (B) An en-
larged view of (A) illustrating the two paths of interest, path-I and path-II.
Path-I is the natural response leading to structural collapse at branch point
B1, and path-II is a more desirable equilibrium path of greater load-carrying
capacity and compliance. For the baseline frame-2, this response is physically
unattainable under the displayed loading regime because it is separated from
path-I by an energy barrier; (C) The deformation states observed at the be-
ginning of each path: (C.1) corresponds to path-I, a symmetric deformation
mode shape; (C.2) to path-II, also a symmetric deformation mode shape. Note
that the fundamental path re-stabilises after a sufficiently large displacement,
but this portion of the curve is not shown here as it is well into the materially
inelastic region.
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Figure 5.8: The non-dimensionalised force-displacement response for the
nudged frame-2. For reference, the structural response of the baseline frame
is presented in grey colour. Modal nudging to path-II results in increased load-
carrying capacity, increased compliance and imperfection insensitivity.
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subcritical pitchfork instability, with associated undesirable imperfection sensitiv-
ity, to a geometrically nonlinear softening response with imperfection insensitivity
within the elastic range. To make sure that the observed gains in load-carrying
capacity and compliance are actually achievable, we evaluate the associated strains
throughout the deformation regime.
5.2.5 Elastic response of frames 1 and 2
For all of the analyses undertaken herein, an assumption of linear elasticity (small
strains) has been made. This is a valid assumption especially for the linear pre-
buckling behaviour where the frame behaves in a stiff linear manner. As modal
nudging increases the compliance of the frames, and the post-critical response is
governed by reduced structural stiffness, it is possible that the elastic strain limit
is exceeded throughout the post-buckling regime. Figure 5.9A, B and C illustrate
the observed strains throughout the loading regime for nudges to path-I, path-II
and path-III of frame-1. Figure 5.9D illustrates the observed strains for nudging
frame-2 to path-II.
The strain limit to be imposed is a function of the material system used. In
this regard, the reader is directed to Hao et al. [201], where a range of large-strain
elastic materials are evaluated for their performance. The materials presented
therein allow for strains in the order of 6-7%, e.g. 0.5% for steels (although this
is traditionally beyond the yield stress), 0.5-2.5% for Titanium alloys, 2-3% for
Gum metals, and as high as 6-7% for NICSMA (nanowire in situ composite with
shape-memory alloy). Integer values of these strain limits in the range of [1, 7]%
are marked on the equilibrium curves of Figure 5.9. These strain limits show
that, for the frames considered here, modal nudging can lead to an appreciable
increase in functionality if strains greater than 1% can be tolerated. This response
is naturally also a function of the slenderness ratio λ of the frame members. Where
the slenderness ratio of each individual member can be defined akin to a column,
λ = L/r. Where L is the length of the member, and r =
√
I/A is the radius of
gyration where A and I are the cross-sectional area and second moment of area
of the member in question. As this ratio increases, the structure becomes more
susceptible to instability “failure” and less prone to yielding or material failure
amd therefore enable greater benefits from modal nudging. Hence, modal nudging
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Figure 5.9: Load-displacement response for modal nudging of frame-1 and
frame-2, highlighting the observed strains throughout the loading history. The
baseline un-nudged response is illustrated in grey colour, and the nudged re-
sponse curves differentiate between blue curves (stable equilibria) and red curves
(unstable equilibria). (A) Frame-1 nudged to path-I; (B) Frame-1 nudged to
path-II; (C) Frame-1 nudged to path-III; (D) Frame-2 nudged to path-II.
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Table 5.1: Non-dimensionalised loads and displacements for certain strain
limits and first instability points for frame-1 and frame-2.
1% 2% 3% 4% 5% 6% Instability
Frame 1
(Baseline)
F̄ [×10−5] 1.925 2.302 2.417 2.433 2.437 – 2.438
w̄ [×10−3] 1.58 2.45 3.41 4.48 5.88 – 7.17
Frame 1
(Nudge-I)
F̄ [×10−5] 1.959 2.312 2.418 2.434 2.437 – 2.438
w̄ [×10−3] 1.64 2.49 3.46 4.58 5.96 – 7.18
Frame 1
(Nudge-II)
F̄ [×10−5] 2.130 2.522 2.569 – – – 2.576
w̄ [×10−3] 1.75 2.86 3.84 – – – 4.90
Frame 1
(Nudge-III)
F̄ [×10−5] 2.142 2.596 2.675 2.715 2.745 2.773 –
w̄ [×10−3] 1.73 2.92 4.00 5.45 7.30 9.68 –
Frame 2
(Baseline)
F̄ [×10−6] – – – – – – 8.233
w̄ [×10−3] – – – – – – 2.51
Frame 2
(Nudge-II)
F̄ [×10−6] 8.543 8.791 8.994 9.208 9.424 9.652 –
w̄ [×10−3] 2.80 4.25 6.71 10.35 14.92 20.57 –
may be particularly attractive for MEMS devices owing to their high slenderness
ratio.
In conjunction with Figure 5.9, the strain values, and their corresponding
non-dimensionalised loads and displacements, are presented in Table 5.1, which
provides a summary of the improved functionality enabled by modal nudging.
For frame-2, the un-nudged baseline response exhibits an instability before an
imposed strain of 0.7%. Modal nudging to path-II results in an increase in load-
carrying capacity of 3.7% and an increase in compliance of 11.6% at an imposed
strain limit of 1%. Thus, for frames whose material remains elastic for small to
moderate strains, modal nudging could provide (i) an increase in load-carrying
capacity, and (ii) a means of transforming subcritical pitchfork bifurcations into
supercritical pitchfork bifurcations. For more novel applications, such as MEMS
devices that use high-performance NICSMA metals with an elastic strain limit of
6%, modal nudging increases the load-carrying capacity of frame-2 by 17.24% and
the compliance by 719.5% over the baseline response.
5.3 Limitations of modal nudging
In this section, two additional frames are analysed to show some of the limitations
of modal nudging. Frame-3 and frame-4 are presented in Figure 5.10, which are
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both similar to frame-2 apart from the removal of two of the diagonal members.
The non-dimensionalised load-displacement response of frame-3 and frame-4 are
shown in Figures 5.11A and 5.11B, respectively. These equilibrium curves show
that both frames do not present an opportunity for modal nudging to a more
desirable structural response, because no additional stable equilibrium paths exist
in the elastic post-critical regime. Note again that some of the equilibrium paths
re-stabilise at limit points sufficiently deep in the post-buckling regime. However,
the large deformations associated with these states means that the materials have
crossed the boundary to plasticity. These modes are not useful in terms of modal
nudging and also mean that for practical purposes the baseline structure fails upon
reaching the first instability point.
The absence of additional stable equilibria in the post-critical regime can be
defined as a reduction of structural redundancy. Hence, once the first member of
frame-3 and frame-4 buckles, both structures will collapse. This reduced structural
redundancy is related to the removal of one of the diagonal members, which in
case of frame-2, provides the requisite means for redistributing load paths and
therefore endows the structure with post-critical load-carrying capacity.
The authors have, nevertheless, attempted to nudge frame-3 and frame-4 to
unstable equilibrium paths. In this case, no improvements in load-carrying ca-
pacity were possible. An interesting feature, however, was the ability to use large
values of the nudging-parameter, η, to fundamentally change the geometry of the
frames (as opposed to a small nudge-mode imperfection) leading to very compli-
ant structures. These compliant structures pose little resemblance to the baseline
frames and essentially act as large springs; essentially, converging to stable solu-
tions from deep within the post-critical regime, thus making use of deformations
which are equal to the magnitude of the baseline frame or even greater.
For completeness, it is also noted that conventional structures are often sub-
jected to multiple loading cases. The current nudge may in fact trigger less de-
sirable modes for other load cases. Therefore, nudging a structure for one load
case could potentially reduce the load-carrying capacity for other load cases. The
author is yet to investigate this phenomena as it falls outside the scope of the
current work.
The implications for modal nudging are therefore clear. Significant improve-
ments in load-carrying capacity, controlled deformation or imperfection sensitivity









Figure 5.10: Two frames exhibiting reduced structural redundancy. (A)
Frame-3; (B) Frame-4. Both frames are similar to frame-2, but in both cases
one of two diagonal members has been removed. A load F is applied verti-
cally downward and the vertical displacement w is observed. All members have
identical material properties and rectangular cross-sections.
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Figure 5.11: Frames exhibiting reduced structural redundancy, such that there
exists no stable equilibrium solutions in the elastic post-critical regime beyond
the initial point of instability. (A) Load-displacement response for frame-3; (B)
Load-displacement response for frame-4. Note that the fundamental path re-
stabilises deep in the post-buckling region, but because this is associated with
non-reversible plastic deformations it is not shown here.
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are only possible if some degree of structural redundancy, by means of post-critical
load redistribution, is possible. Indeed, a general rule of thumb for optimising
structures is the notion that reducing redundancy improves efficiency. For struc-
tures designed in the linear regime this may ultimately be true. For structures that
attempt to exploit nonlinearities, however, reducing or removing structural redun-
dancy may not only lead to post-critical collapse, but also remove the opportunity
to further tailor the structural response via modal nudging. Thus introducing
an interesting research topic; the optimization of such structures for weight-saving
(and hence potential cost). The removal of members could be more beneficial than
the improved capacity from tailoring the redundancies incurred with preserving
the members. This falls outside the scope of the current investigation, but will be
considered as a topic for future work.
5.4 Conclusions
A new structural optimisation technique, referred to as modal nudging, has been
introduced. Although optimisation techniques such as pre-cambering [202] and
prestressing [203] are used widely to increase the load-carrying capacity of frames,
modal nudging is unique in that it uses deformation mode shapes from stable
equilibria in the post-buckled regime to alter the baseline geometry and tailor the
structure’s post-buckling response. Modal nudging uses deformation mode shapes
from stable equilibria in the post-critical regime of structures to alter the base-
line geometry and tailor the structure’s post-critical response. This technique has
shown great potential to optimise nonlinear structures for (i) increased load car-
rying capacity; (ii) controllable deformation; and (iii) the design of imperfection-
insensitive structures. Equally, the technique may be used as a means of modal
differentiation for shape-adaptive technologies that employ buckling instabilities
to transition between a number of different configurations.
The idea of seeding imperfections is not new, as it has previously been used
by Hu and Burgueño [104]. However, the type of imperfection applied and the
systematic manner, i.e. the recipe, in which the seeded imperfections are chosen
in this chapter are new. There are very few studies in the literature that explore
the deep post-buckling behaviour of shells with quasi-static implicit methods, as
most commercial FE packages do not offer the required capabilities. They were
not created with applications like modal nudging, or for deep post-buckling and
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bifurcation analyses like those we perform, in mind. Selecting stable post-buckling
states of greater load carrying capacity, which are naturally unattainable as they
are surrounded by unstable equilibria, and using these states as the seeds to recover
better structural performance, has not been shown before, because the nonlinear
analysis capabilities were simply not available before the application of generalised
path-following [164, 165]. Hence, the imperfections applied here are not the same
as those used by the research group at Michigan State [58, 59, 104, 105] and the
way the imperfections are chosen is also different and innovative.
This chapter shows that the mechanical behaviour of nonlinear frame struc-
tures that possess structural redundancies—by means of additional load-carrying
capacity in the post-buckling regime—is very rich. Previously unseen stable equi-
librium paths of greater load-carrying capacity are presented for the first time,
which include equilibria that are separated from the fundamental response of the
frame by energy barriers. We have shown that the frames can be nudged onto these
higher load-carrying paths by marginally perturbing the baseline geometry. The
nudged response to these paths generally leads to a stable structural response with
increased compliance, increased load-carrying capacity and reduced imperfection
sensitivity.
A key factor for the successful application of modal nudging is the concept of
structural redundancy. This term is used to refer to structures which possess the
means to redistribute loads to additional regions of stability in the post-buckling
regime; particularly to isolated stable regions separated from the fundamental
structural response by interstitial unstable equilibria, or alternatively, energy bar-
riers. If these conditions are met, then the structure may exhibit latent load-
carrying capacity, which can be readily exploited via modal nudging.
The results presented explicitly for frame structures herein, are applicable from
the micro- to the macro-scale, and may thus lead to similar studies throughout
a wide range of scientific disciplines that deal with nonlinearities. However, it
is unclear from the present discussion how imperfection-sensitive these nudged





Shell-like structures can be prone to sudden and catastrophic failure,
and the analysis of such structures is often complex. Furthermore,
shell structures rarely respond as predicted due to their inherent sensi-
tivity to imperfections. Fundamentally the theoretically-derived load-
carrying capacity is rarely recovered in operation. Herein we explore
the elastic nonlinear post-buckled response of axially loaded cylindrical
panels and employ the previously introduced (See Chapter 5) concept
of “modal nudging” in an attempt to mitigate their often catastrophic
failure. Once again, in doing so we employ the generalised path-
following technique and show that axially loaded cylindrical panels
exhibit a highly nonlinear, chaos-like behaviour. Importantly, isolated
regions of stable equilibria in otherwise unstable post-buckled régimes
are unveiled. Often, it is seen that these isolated stable equilibria
possess a greater load-carrying capacity than the natural structural
response of the panel. These findings may provide diverse design op-
portunities for tailorable post-buckled shell-like structures, and could
be applied to a wide range of applications in the smart and adaptive
materials/structures disciplines.
6.1 Introduction & literature background
Traditionally the onset of a nonlinear response in shell structures is considered
a form of structural failure. However, in recognising the positive effects of em-
bracing structural nonlinearities—on the design of new structures—particularly
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those of elastic nature, it is possible to further expand the design space and create
structures with improved functionality.
The post-buckling load-carrying capacity of shell structures has long been of
interest to engineers [56]. From macro-scale morphing structures [29], to meso-
scale energy harvesting [83, 84], and micro-scale microelectromechanical systems
[80], structural nonlinearities are sought as positive features, particularly in the
form of a controlled post-buckled response.
To this end, shell structures, which are the focus of this chapter, are seen as
an essential component across a range of disciplines and this is attributed to their
high degree of structural efficiency. The interest in buckling and post-buckling of
shell structures is rich [204] primarily driven by the fact that thin walled structures
are inherently efficient in their load carrying capacity. However their susceptibility
to catastrophic failure is attributed to their sensitivity to imperfections, and has
been debated for decades [57].
There often exist large discrepancies between analytically predicted and ex-
perimentally measured critical loads [52]. Although a number of factors, such as
boundary conditions, loading imperfections and material variations account for
these discrepancies, the work of Koiter [48] and Arbocz and Babcock [205] showed
that geometric imperfections are the main culprit. This phenomenon has resulted
in the common use of empirically derived, conservative, knock-down factors, par-
ticularly in the analysis of thin-walled and slender shell structures [55].
The interest is not only focused on cylindrical shells, as toroidal, torispherical
and domed structures are all equally relevant to the present discussion. Bielski
[70] analysed toroidal shell structures and concluded that it is possible to main-
tain a stable post-buckled response with an ovalisation of the meridional section
of a domed structure. Lu et al. [71] analysed the effects of increasing the ap-
plied imperfections on torispherical pressure vessel. They concluded that beyond
a particular imperfection-magnitude the structural response seems to increase in
compliance and seemingly converges to the same equilibrium response irrespective
of any additional increase in the magnitude of imperfection. More recently how-
ever Lee et al. [72] evaluated the critical response of spherical elastic shells under
pressure loading with an emphasis on how their knockdown factors are affected
by an engineered dimple-like imperfection. Their work drew attention to the fact
that there exists a direct relationship between the critical buckling load and the
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geometry of the applied imperfection (in terms of amplitude, angular width etc.).
From this work they managed to successfully predict—via FEM simulations and
also a semi-analytical model—the knockdown factors of imperfect spherical shell
structures.
Nevertheless, as with all of the aforementioned approaches, the research is fo-
cused on the critical buckling load or knockdown factors to the critical buckling
load, on the premise that the post-critical response is to be avoided. A research
group at Michigan State University is at the forefront of using the elastic post-
buckled response in shell-like structures. They have shown that the elastic post-
buckled response of cylinders can be modified by providing large and strategically
designed imperfections [46, 58, 59, 103–105] in the form of seeded geometric alter-
ations. Their work aligns markedly well with the current discussion. The research
group at Michigan State University apply a seeded geometry to a set of circular
cylinders with a sinusoidal shape with m waves along the length of the cylinder and
n waves along its circumference. Therefore the mode shapes are uniform in both
directions. Where the current research differs is that using a mode-shape from the
post-buckled régime, thus a seeded geometry is chosen based on a post-buckled
mode shape of the unseeded structure.
6.1.1 Aims and objectives
The aim of this chapter is twofold. Primarily to elucidate the complex response
of shell structures and illustrate that there exist a plethora of critical points and
equilibrium paths in very close proximity to the traditionally understood initial
critical buckling point. Secondly, we introduce the previously discussed concept
of modal nudging to shell structures. By employing this modal nudging technique
it is shown that it is possible to alter the response of shell structures from the
classical subcritical response often associated with imperfection-sensitivity, to a
well-behaved supercritical response (as illustrated in Figure 5.1) resulting in an
imperfection-insensitivity. We show that undertaking a full exploration of the
structural response deep into the post-buckled régime—far beyond what is con-
ventionally conducted—can reveal potentially useful stable equilibria that possess
greater load-carrying capacity and compliance than the natural behaviour of the
structure.
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The remainder of this chapter is structured as follows. Section 6.2 introduces
the problem: two identical cylindrical panels subjected to an axial compressive
load, each exhibiting different boundary conditions; pinned and clamped-pinned.
The validation of preliminary results, which is undertaken using the commercial
finite element analysis software Abaqus, is also included. Section 6.3 provides a
comprehensive discussion of the baseline response from both shell models, which
includes a number of figures illustrating the complexity involved in shell structures.
In section 6.4 the modal nudging technique is employed in a similar vein to Chap-
ter 5. Included here is also a brief discussion of the significance of these results
with regards to “chaos” discussed in BVP (boundary value problems) and IVP
(initial value problems). The chapter closes with section 6.6 in which conclusions
are drawn.
6.2 Model definition
The structural response of two axially-loaded cylindrical panels, of identical geom-
etry and previously evaluated by [206, (case L/R = 1, d/L = 1.047)] are evaluated
herein (Figure 6.1). For the first model (Figure 6.1A) all four edges are pinned
and thus is given the designation “PPPP” (Pinned-Pinned-Pinned-Pinned). The
second model has its two curved edges clamped (Figure 6.1B) and is thus given
the designation “CCPP” (Clamped-Clamped-Pinned-Pinned).
The material and geometric properties for both cylindrical panels are presented
in Table 6.1, where E is the Young’s modulus of elasticity, ν is the Poisson’s
ratio, t the shell thickness, R the radius of curvature, L the longitudinal length
and s is the total arc-length. The panels are once again analysed using an in-
house Matlab based finite element code [165] which makes use of nonlinear shell
elements based on the complete Green-Lagrange strain tensor and formulated in
a total Lagrangian framework. The finite element models are constructed with
43×43 16-node elements as introduced by [44] and employ a displacement-control
solution procedure.
Validation of the initial response for both panels was achieved using the com-
mercial finite element software Abaqus, with a mesh of 100× 100 S8R1 elements
1S8R elements are quadratic and so they can represent bending behaviour more readily due
to the higher-order shape functions compared to S4R elements.
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Figure 6.1: Axially loaded panel, geometry and boundary conditions; (A)
Pinned-Pinned-Pinned-Pinned (PPPP) edges, where rotations are free at each
edge; (B) Clamped-Clamped-Pinned-Pinned (CCPP) edges, where rotations are
constrained on two ends.
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Table 6.1: Cylindrical panel geometric and material properties; identical for
both PPPP and CCPP
E (Nmm−2) ν (-) t (mm) R/t L/R s/L
7× 104 0.25 1 150 1 1.047
(201× 201 nodes) employing the in-built Riks [128] nonlinear solver. This is pre-
sented in Figure 6.2, where the broken black lines corresponds to those results
from Abaqus; normalised total reaction load R̄ = R/λcrit is presented along with
the corresponding normalised end-shortening w̄ = w/t. Where R is the total re-
action load, w is the applied uniform displacement along one edge, and λcrit is
the initial critical buckling load of 3.973× 104 N and 4.280× 104 N for PPPP and
CCPP, respectively. The corresponding results from the in-house Matlab code
is presented in a similar vein to the previous chapters where blue represents a
stable equilibrium and red an unstable equilibrium solution, and critical points
are signified by the black dots.
A mesh convergence study was undertaken which focused on the response deep
into the post-buckled régime. This study found that for fewer elements the solution
would quickly converge to a perceivably accurate solution, however on tracing the
path further, the solutions would continue to diverge. Thus in order to achieve a
constant convergence deep into the post-buckled régime the number of elements
required was considerably more than conventional analyses.
6.3 Structural response of cylindrical shell
panels
The baseline normalised load-displacement response for panel PPPP is presented
in Figure 6.3, where the stability of each equilibrium path is highlighted; red signi-
fies unstable equilibria; and blue signifies stable equilibria. The complex solution
depicted in Figure 6.3A is the complete solution of the fundamental path and is
therefore a single path with no additional branching paths traced. Figure 6.3B is
an identical plot to Figure 6.3A, however in this instance the stable (blue) regions
are further emphasised for clarity. There exist an additional five unique stable
regions, deep into the post-buckled régime, beyond the initial linear pre-buckling
response. Each of these stable equilibrium paths represent a physical mode shape,
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Non-dimensional displacement, w̄ = w/t

































Figure 6.2: Initial load-displacement response of the; (A) PPPP; and (B)
CCPP panels solved using an in-house Matlab based nonlinear finite element
analysis script. Validation is provided with equivalent Abaqus models (dashed
black lines).
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however, due to their isolation from the reference state by unstable equilibrium
branches they are unattainable in practice. In order to observe these particu-
lar paths in operation, one would load the panel until a critical buckling point
is reached, and the shell may then “snap” to one of these stable regions. How-
ever there is no guarantee that these stable regions are sufficiently stable enough
to withstand the dynamic effects of such a snap, and additionally the shell may
deform plastically as a result.
The structural response as a whole, in Figures 6.3C–F, is particularly inter-
esting as it presents a clear representation of the complex post-buckling response
that has been postulated [207] but never shown. Figures 6.3C and Figures 6.3E il-
lustrate this complexity with the vast number of critical points, highlighted by the
black dots. In this particular model there exist no less than 243 branching points
and 65 limit points. Limit points, also known as saddle-node bifurcation points,
are minima and maxima of the equilibrium paths, which relate to “snap-back”
points herein due to the displacement-control procedure implemented. Branch-
ing points denote the point at which two or more equilibrium paths intersect one
another at the same total potential energy. This complex response adds further
difficulty in solving due to the multiple solutions overlapping one another. It is
therefore difficult to observe in Figure 6.3C that the first point of instability is
in fact a branching (pitchfork bifurcation) point and not a limit point which is
traditionally thought to be the case.
The higher load-carrying stable (blue) regions in Figures 6.3B and Figures 6.3F
are interesting as they not only suggest that the structure is capable of carrying
a greater load than initially expected, but they are found deep into the post-
buckled régime. Some of these paths are traced in the positive direction from
bottom left in Figures 6.3C,D up to top right in Figures 6.3E,F. However some of
the stable paths are found towards the latter regions of the complex response in
Figures 6.3E where the path traces back in a negative direction, i.e. from top right
in Figures 6.3E,F, to the bottom left in Figures 6.3C,D. Thus justifying the need
of a complete understanding of the structural response deep into the post-buckled
régime of such structures.
Similarly, the baseline response for model CCPP is presented in Figure 6.4,
where Figure 6.4A is the complete solution of the fundamental path and is also a
single path with no branching paths traced. Figure 6.4B provides a more intelli-
gible depiction of the stable solutions deep into the post-buckled response. These
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Figure 6.3: The load-displacement response for the Pinned-Pinned-Pinned-
Pinned (PPPP) model. Illustrated is a single solution path which exhibits
extreme nonlinearity and shows signs of spatial chaos. (A) Illustrates a complex
plot in which multiple paths cross-over one another, where red is an unstable
solution, blue is a stable solution and the black points correspond to critical
points (branching points & limit points); (B) illustrates an identical plot to
(A) however, in this instance the stable solutions have been highlighted; (C) A
close view of the initial nonlinearity which occurs and the true nature of the
spatially chaotic response; (D) illustrating clearly the initial stable solution and
two additional stable solutions; (E) is a close up of the deep post-buckled region;
and (F) illustrates multiple stable regions within the deep post-buckled region.
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Figure 6.4: The load-displacement response for the Clamped-Clamped-
Pinned-Pinned (CCPP) model. Illustrated is a single solution path which ex-
hibits extreme nonlinearity and shows signs of spatial chaos. (A) Illustrates a
complex plot in which multiple paths cross-over one another, where red is an
unstable solution, blue is a stable solution and the black points correspond to
critical points (branching points & limit points); (B) illustrates an identical plot
to (A) however, in this instance the stable solutions have been highlighted; (C)
A close view of the initial nonlinearity which occurs and the true nature of the
spatially chaotic response; (D) illustrating clearly the initial stable solution and
two additional stable solutions; (E) is a close up of the deep post-buckled region;
and (F) illustrates multiple stable regions within the deep post-buckled region.
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results illustrate once again the complexity with the vast number of critical points
(black dots). In this particular model there exist no less than 407 branching points
and 73 limit points.
For the PPPP response (Figure 6.3D,F) the stable regions seem relatively
large and compliant, however for the CCPP response (Figure 6.4D,F) there are
two stable regions that large well-behaved deformation may be possible. The
remaining stable equilibria are seemingly small and clustered (See Figure 6.4F).
To further emphasise this complex behaviour, consider the branching paths
presented in Figures 6.5 and Figures 6.6, which extend Figures 6.3 and 6.4 respec-
tively, to include symmetry-breaking equilibria. Note that although there exist
hundreds of branching points along each of the two fundamental paths (PPPP
and CCPP, where each has been investigated to some extent) only those exhibit-
ing stable equilibria are presented in Figures 6.5 and 6.6. Of the branching paths
that are not shown in Figures 6.5 and Figures 6.6, the vast majority of them
contain a high number of critical points. Most of which are additional branch-
ing points leading to more paths further still, and this phenomena continues. To
explore the entire domain therefore becomes an unassailable task. In accordance
with the definition by Kocsis and Károlyi [208], this exponential increase in equi-
librium paths (stable or unstable) as a result of continuous branching, is a specific
example of “spatial” chaos (see §6.5 for further discussion). Although the true
definition of spatial chaos is a problem that is dependant on the boundary con-
ditions (as opposed to temporal chaos, which is dependant on initial conditions),
this phenomena of progressive branching points can be considered a sub-division
of spatial chaos. There are several examples dating back from the late 1980s to
the early 1990s [209–212] that add to the discussion of spatial chaos in buckling
and post-buckling problems.
It is evident that, when we compare the results of the PPPP panel in Figure 6.5
to those of the CCPP panel in Figure 6.6, there are significantly fewer stable
regions in the post-buckled régime for the CCPP panel. This demonstrates the
effects of applying a fixed boundary condition to the panel. In reality however, such
panels would operate at some point between the two types of boundary conditions
applied. In the aerospace sector, a panel could be defined as the region between
spars, and the spars themselves are likely to incur some compliance but neither
allow or completely restrain rotation. Significantly there exists no stable region in
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Figure 6.5: Stable secondary paths for PPPP: A total of eighteen branching
paths are presented. There exist many other paths, but to the authors knowl-
edge these are the only bifurcated paths that present stable solutions and hence
a potential opportunity for modal nudging. In (B) there are no fewer than thir-
teen unique solution equilibrium paths presented, the majority of which have
similar responses. Once again, the colours represent stability, where blue is sta-
ble, and red is unstable. The grey curves correspond to the original baseline
response for the PPPP panel.
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Figure 6.6: Stable secondary paths for CCPP: (A) Illustrates three bifurcation
(branching) paths in with stable (blue) and unstable (red) regions highlighted;
and (B) highlights these stable regions further. There exist many other paths,
but to the authors knowledge these are the only bifurcated paths that present
stable solutions and hence a potential opportunity for modal nudging. The grey
curves correspond to the original baseline response for the CCPP panel.
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the CCPP response (corresponding to branched paths only) with increased load-
carrying nature beyond the pre-buckling response. Figure 6.5 presents a total of
eighteen unique branching paths that have signs of stability, whereas for the CCPP
panel in Figure 6.6, there are only four unique branching paths that present signs
of stability, and all of these have significantly less loading capacity, albeit with an
increased compliance.
6.4 Modal nudging the structural response of
shells
In structural mechanics, imperfections are traditionally used in the search of re-
duced theoretical loads which are closer the the real-world response. This is par-
ticularly relevant to shell structures whose imperfection-sensitive response is well
documented [57, 144, 207, 213]. Therefore, in general terms, a stochastic imper-
fection reduces the capacity of a given structure. The concept of modal nudging,
introduced in chapter 5, differs from this traditional definition in that the small
geometric change applied to the structure is (i) deterministically imposed; and
(ii) does not lead to reduced structural capacity but to an entirely new structural
response. More often this new “nudged” structural response improves the load-
carrying capacity, compliance, stability and efficiency of the structure. Therefore
this applied geometry change (the nudge) imposed by modal nudging cannot be
viewed as an unwanted geometric imperfection but rather as a positive addition
to the design of the structure.
To embrace fully the post-buckled response of shell-structures, and to improve
structural design in the process, we will hereby adopt the previously introduced
technique of modal nudging to the present discussion. Of the many different stable
states deep within the post-buckled régime, both from the fundamental path and
from the branched paths, any could be chosen for nudging. However, only eight
stable states are chosen for the current discussion. The PPPP (Figure 6.3 and
Figure 6.5) panel presents a greater opportunity for nudging over that of the
CCPP panel (Figure 6.4 and Figure 6.6) and therefore six states are selected from
the PPPP response and two more from the CCPP. The location of these selected
states on the equilibrium curve is illustrated in Figure 6.7 and the corresponding
mode shapes presented in Figure 6.8. These eight equilibrium modes are selected
Chapter 6. Nudging from Complex Behaviour: Shell structures 114
as they all possess a response capable of carrying greater load than the original
linear response. This is further highlighted in Table 6.2 where the “start point” is
considered to be the end of the stable region nearest to the reference state (zero
load and zero displacement). In Table 6.2 it is evident that state-VI shows signs
of the greatest capacity, for both load and compliance with a potential normalised
load of R̄ = 2.485 and a compliance of w̄ = 16.63 (compared to the un-nudged
response of R̄ = 1, and w̄ = 0.57). However, it also potentially provides the
greatest energy barrier as its “start point” is the furthest away from the reference
state.
In a similar vein to chapter 5, on discovering a potentially desirable stable
equilibrium beyond the first instability point, the deformation mode, ustate, is
extracted for any state along the desirable stable branch. This state is then uses
to alter the original, undeformed geometry, x0, of the structure. Hence,







η‖ūstate  x0‖2  1, (6.3)
where η is the non-dimensional nudging parameter, and  is the Hadamard divi-
sion operator defined by Ci = Ai/Bi with the subscript denoting the i
th component
of the vector. The magnitude of the nudging parameter will vary from structure to
structure and from mode shape to mode shape, but for all nudges in this chapter
Eq. (6.3) holds. For a structure where Eq. (6.3) is not valid, the corresponding
geometrical change can no longer be classified as a nudge, but rather as an entirely
new structure in its own right with its own unique structural response.
Figure 6.8 shows that all of the states chosen, correspond to a near-identical
mode shape, albeit with minor variations. The large indentation at the midpoint
is the most significant feature, but equally are the four smaller indentations at
each corner. Each of the eight nudges (I–VIII) are applied to both PPPP and
CCPP panels, the results of which are presented graphically in Figures 6.9A–H
and Figures 6.10A–H, respectively.
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Table 6.2: Baseline response of the chosen eight nudging states; highlighting
the start and end position of each corresponding equilibrium path. Note that
the start corresponds to the end closest to the origin and the end corresponds
to the end furthest from the origin. R̄ = R/λcrit is the normalised total reaction
load, and w̄ = w/t is the normalised end-shortening.
Start point End point
State R̄ w̄ R̄ w̄
PPPP 0 0 1 0.57
CCPP 0 0 1 0.59
I 1.392 5.791 1.591 7.486
II 1.637 7.906 2.124 12.61
III 0.808 1.809 1.003 2.863
IV 0.951 2.599 1.468 6.145
V 1.462 6.389 1.966 10.90
VI 1.633 7.933 2.485 16.63
VII 0.630 0.955 1.112 3.954
VIII 1.354 6.069 2.075 13.48
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Figure 6.7: Highlighted stable regions for nudge state selection; (A) PPPP,
states I–VI; (B) CCPP, states VII–VIII; States I, II, VII and VIII are stable re-
gions on the fundamental paths and states III-VI are stable regions of branching
paths.









Figure 6.8: Mode shapes used in nudging, each figure represents the actual
mode shape from the selected stable regions and therefore the absolute defor-
mation before being normalised for the nudging procedure; States I–VI are each
selected from the PPPP response and the final two states VII & VIII are selected
from the CCPP response.
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6.4.1 Nudging a cylindrical panel: Pinned-Pinned (PPPP)
For the PPPP panel, on nudging to state-I, Figure 6.9A indicates that a compliant,
controlled, stable response is possible, which provided that the elastic behaviour
is maintained, gives rise to a structure whose load-carrying capacity has increased
to more than twice that of the un-nudged structure (R̄ = 2.056). This response is
achieved with a nudging parameter value of η = 13.5 which equates to a maximum
geometric alteration of only ūη = 0.760, where ūη = max (η|ustate|)/t. This mag-
nitude of the geometrical alteration of the nudge mode is observed at the centre
of the panel. This nudge imperfection is therefore relatively small, if not imper-
ceptible, when compare to a characteristic length of the shell. Thus, seeding this
geometry onto the shell itself could pose difficult and will undoubtedly be prone
to stochastic imperfections owing to the allowable tolerances of manufacturing.
On nudging to state-II, as illustrated in Figure 6.9B, we recover an even
greater load-carrying capacity (over that of state-I) (R̄ = 2.135) and compli-
ance (ū = 12.72), which is achieved with a minor change in initial geometry
(ūη = 0.844).
Nudging the response of panel PPPP to state-III provides an interesting re-
sponse when compared to all others (See Figure 6.9C). There exists a very com-
pliant stable equilibrium path close to the new initial critical point separated by
an unstable “snap-back” portion. This suggests that the shell is likely to undergo
a small snap to the neighbouring stable path and continue to carry additional
load. If this were to occur the loading capacity could increase to R̄ = 1.880 and
w̄ = 9.912, however, this hypothesis would require further verification by means
of a dynamic analysis.
Nudging to states-IV and V (See Figure 6.9D,E) also recover increased load-
carrying capacities of R̄ = 1.481 and R̄ = 2.092, respectively, with complementary
increase in end-shortening displacement-before-instability to w̄ = 6.11 and w̄ =
12.07, respectively. For the nudge to state-IV this relates to a maximum geometry
alteration of ūη = 0.735 and to state-V a maximum alteration of ūη = 0.738.
The results also show that there exists an ability to nudge the PPPP panel
using states from the CCPP response, this is illustrated in using states-VII and
VIII in Figure 6.9G and Figure 6.9H.
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Nudge III Nudge IV
Figure 6.9a: Modal nudging the structural response of panel PPPP using
states from the baseline response in PPPP; (A) Nudge-I, ūη = 0.760 provides
a successful nudge to a critical load of R̄ = 2.056; (B) Nudge-II, ūη = 0.844
results in a successful nudge to a critical load of R̄ = 2.135; (C) Nudge-III,
ūη = 0.941 provides a successful nudge to an initial critical load of R̄ = 1.194,
but also shows signs of potentially increasing to R̄ = 1.880; (D) Nudge-IV,
with a nudging imperfection of ūη = 0.735, a stable well-behaved response to
a critical load of R̄ = 1.481 is achieved. The corresponding deformation mode
shape is included for each response.
Chapter 6. Nudging from Complex Behaviour: Shell structures 119
Interestingly, the nudged responses do not correspond exactly to the limits of
the original stable states from the baseline response (in Table 6.2). Each of the
nudged responses show a trend of increasing the load-carrying potential beyond
that of the baseline. This can be seen in Tables 6.2 and 6.3 where only nudging
to states-VI and -VIII fails to recover the expected load-carrying capacity.
Each plot in Figures 6.9A–H shows the mode shape adopted in the corre-
sponding analyses, with this mode shape observed at approximately w̄ ≈ 10.0
where possible. For nudges-IV, -VII, and VIII, the mode shapes correspond to
w̄ ≈ 6.1, 8.6, and 7.8, respectively, due to their lower compliance. On nudging to
any path the initial mode shape of the panel remains the same and only transi-
tions to the nudged mode shape deep in the post-buckled régime. This highlights
the robustness of the nudging procedure: a single mode shape provides the initial
increase in compliance and load-carrying capacity.
Finally, in all of the nudged-responses there exists a small kink early on, which
sees a drop in load carrying capacity before increasing. This too can be removed
for all eight nudges and it simply requires a marginally higher nudging parameter,
η, than those presented. Each of the nudging parameter values presented here are
the lowest in magnitude to provide a successful nudge.
For the PPPP panel, the greatest improvement of structural capacity is ob-
served for nudge-VI with a factor increase in load-carrying capacity and compliance
of 2.4 and 28.6, respectively, with a geometric imperfection change of ūη = 0.745.
Note, that in all cases the shell has been converted from imperfection-sensitive to
imperfection-insensitive while altering the geometry by magnitudes smaller than
the shell thickness. This latter feature means that the overall mass of the geo-
metrical profile of the structure is largely indistinguishable from the un-nudged
baseline.
6.4.2 Nudging a cylindrical panel: Clamped-Pinned (CCPP)
Six of the eight nudges applied to the CCPP panel use stable nudging states from
the PPPP baseline response, and interestingly, all are shown to provide rewarding
outcomes (Figures 6.10A–F and Table 6.3). In each case, the load-carrying capac-
ity, compliance, and stable post-buckling response are improved with an applied
imperfection smaller than the shell thickness. The greatest improvement for the
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Figure 6.9b: Modal nudging the structural response of panel PPPP using
states from the baseline response in PPPP and CCPP; (E) Nudge-V, ūη = 0.738
provides a successful nudge to a critical load of R̄ = 2.092; (F) Nudge-VI,
ūη = 0.745 results in a successful nudge to a critical load of R̄ = 2.460; (G)
Nudge-VII, with a nudging state from CCPP, and a value of ūη = 0.849 provides
a successful nudge to an initial critical load of R̄ = 1.721; (H) Nudge-VIII, with
a nudging state from CCPP, and with a nudging imperfection of ūη = 0.702, a
stable well-behaved response to a critical load of R̄ = 1.626 is achieved. The
corresponding deformation mode shape is included for each response.
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Table 6.3: Results of nudging both PPPP and CCPP with eight different
nudge states; normalised critical load; normalised critical displacement; nudge
and the corresponding maximum applied nudge-imperfection. Where η is the
non-dimensional nudging parameter, R̄ = R/λcrit is the normalised total reac-
tion load, w̄ = w/t is the normalised end-shortening, and ūη = (η|ūstate|) is the
maximum geometric alteration.
PPPP CCPP
Nudge η R̄ w̄ ūη η R̄ w̄ ūη
- - 1 0.57 - - 1 0.59 -
I 13.5 2.056 11.61 0.760 13.5 1.637 8.79 0.760
II 16.5 2.135 12.72 0.844 11 2.085 13.57 0.563
III 13 1.194 4.11 0.941 7.5 1.401 6.46 0.543
IV 11 1.481 6.11 0.735 9 1.496 7.00 0.601
V 13.5 2.092 12.07 0.738 10 1.721 9.63 0.546
VI 14.5 2.460 16.31 0.745 9.5 2.295 16.00 0.488
VII 10.5 1.721 8.54 0.849 7.5 2.040 13.01 0.607
VIII 12.5 1.626 7.84 0.702 10 2.062 13.31 0.562
CCPP panel is again observed for the nudge to state-VI, where, as illustrated in
Figure 6.10F, a normalised load of R̄ = 2.295 and a compliance of w̄ = 16.00 is
achieved. Interestingly, this nudge corresponds to the smallest geometry alteration
of ūη = 0.488, suggesting that this mode shape is the strongest attractor
2 of all
the modes evaluated.
As with all of the nudges carried out for both panels, there exists a kink in
the response at the end of the initial linear phase. It is possible to remove this
kink entirely in order to recover a truly well-behaved response by increasing the
nudge parameter. For values of η lower than presented in Table 6.3 a different
response is observed. In this case, the nudge is sufficient to break many of the
pitchfork bifurcations, but not sufficient to create a stable connection to the state
of interest.
Furthermore, an interesting phenomenon arises in the fact that all nudge
modes essentially lead to the same equilibrium path. It is postulated that this
phenomena is a result of the stable modes selected, as each possess very simi-
lar deformation characteristics, and thus when applied as an initial imperfection
it is only the dominant (i.e. the largest) features that are driving the change in
response.
2The energy level of this mode shape is possibly the lowest of all nudge modes, and thus
becomes the natural deformation mode as the shell is attracted to this mode more than the
others.
Chapter 6. Nudging from Complex Behaviour: Shell structures 122



























Non-dimensional displacement, w̄ = w/t



























Non-dimensional displacement, w̄ = w/t




























Non-dimensional displacement, w̄ = w/t




























Non-dimensional displacement, w̄ = w/t
A B
C D
Nudge I Nudge II
Nudge III Nudge IV
Figure 6.10a: Modal nudging the structural response of panel CCPP using
states from the baseline response in PPPP; (A) Nudge-I, ūη = 0.760 provides
a successful nudge to a critical load of R̄ = 1.637; (B) Nudge-II, ūη = 0.563
results in a successful nudge to a critical load of R̄ = 2.085; (C) Nudge-III,
a value of ūη = 0.543 provides a successful nudge to an initial critical load
of R̄ = 1.401; (D) Nudge-IV, with a nudging imperfection of ūη = 0.601, a
stable well-behaved response to a critical load of R̄ = 1.496 is achieved. The
corresponding deformation mode shape is included for each response.
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Figure 6.10b: Modal nudging the structural response of panel CCPP using
states from the baseline response in PPPP and CCPP; (E) Nudge-V, ūη = 0.546
provides a successful nudge to a critical load of R̄ = 1.721; (F) Nudge-VI,
ūη = 0.488 results in a successful nudge to a critical load of R̄ = 2.295; (G)
Nudge-VII, with a nudging state from CCPP, and a value of ūη = 0.607 provides
a successful nudge to an initial critical load of R̄ = 2.040; (H) Nudge-VIII, with
a nudging state from CCPP, and with a nudging imperfection of ūη = 0.562, a
stable well-behaved response to a critical load of R̄ = 2.062 is achieved. The
corresponding deformation mode shape is included for each response.
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Owing to the imperceptible nature of a nudge, applying a nudge in practice
will prove challenging. Therefore it cannot be guaranteed that a nudged structure
will end up on the desired equilibrium path. Although the nudge can be considered
as a form of imperfection, a further stochastic imperfection-sensitivity analysis of
these nudges must be carried out. This will be a topic of future research.
6.5 Spatial chaos in shell structures
The phenomena of chaos is classically attributed to dynamical systems. The term
chaos traditionally refers to the irregular, unpredictable, and seemingly random
behaviour of a deterministic dynamical system. Thompson and Virgin [209] and
El Naschie and Al Athel [214] discuss the connection between the dynamical chaos
observed in the classic undamped swinging pendulum and the spatial chaos of the
planar elastica. The concept of spatial chaos in structures is defined by Kocsis
and Károlyi [208] as the exponential increase in equilibrium paths as a result of
continuous branching. This is particularly relevant to the present discussion and
more specifically to the benefits of modal nudging.
To begin with, it is important to appreciate the connections made in [209] and
[214] between spatial and temporal chaos. Consider the undamped rigid forced
pendulum (See Figure 6.11A); its motion is dynamic, as opposed to the static
response of the elastica (See Figure 6.11B). The response of the forced pendulum
and the elastica with an initial imperfection is mathematically defined in equa-
tions 6.4a and 6.4b, respectively, and also graphically by the stroboscopic map
illustrated in Figure 6.11C.








Written in their current form, the two expressions presented in 6.4a and 6.4b
are very similar. In the former, m and l correspond to the end mass and pendulum
length, respectively, θ is the angle of rotation and its second derivative θ̈ is taken
with respect to time t. In the latter, EI corresponds to the flexural rigidity of the























Figure 6.11: (A) Forced pendulum; (B.1) Buckled elastica; (B.2) Single loop
from buckled elastica; (C) Conceptual stroboscopic map (Poincaré phase por-
trait). The forced pendulum is capable of exhibiting controlled and predictable
behaviour provided that the applied force F is small, in this scenario the mo-
tion is such that the pendulum swings back and forth in a predictable manner
thus corresponding to the trapped motion in (C). However, when the applied
perturbation F is large, the motion of the pendulum is such that it revolves
continuously about its pinned end, in this scenario the motion corresponds to
the untrapped stable regions in (C). At some point between these two scenarios
the motion of the pendulum becomes temporally chaotic, this corresponds to
the red regions of chaotic orbits in (C). Analogously the elastica shows signs of
spatial chaos for small imperfection amplitudes. In (B.2) we see only one loop,
however for an infinitely long elastica many loops would generate at arbitrary
and unpredictable locations, thus exhibiting spatially chaotic behaviour. For
large imperfections, i.e. large F , it is possible to accurately predict the defor-
mation of the structure and thus an untrapped stable solution is recovered in
(C).
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elastica, P is the applied compressive force and φ is the slope of the curvature, with
its second derivative φ̈ taken with respect to the span s. In each equation F is a
measure of the perturbation amplitude (i.e. the magnitude of initial imperfection
in the case of the buckling strut) and ω is the measure of the spatial or temporal
frequency.
For F = 0 for the pendulum, the motion is controlled and corresponds to
the trapped motion illustrated in Figure 6.11C. This physically represents the
pendulum swinging from a perfectly inverted position down and back. Similarly for
the elastica, F = 0 corresponds to a perfect elastica and (the analogous homoclinic
solution to the fully inverted swinging pendulum) is a single loop generated at the
midspan as illustrated in Figure 6.11B.2. This deformation can be thought of as a
grossly post-buckled example of the elastica presented in Figure 6.11B.1, whereby
the loaded ends have passed through one another.
For large values of F for the pendulum, the motion is also controlled and
corresponds to the untrapped motion illustrated in Figure 6.11C. This physically
represents the pendulum swinging continuously in one direction around the pin.
Analogously for the elastica, a large F corresponds to a large imperfection, such
that the geometry is fundamentally altered. This corresponds to the elastica no
longer has a pitchfork bifurcation, such that a distinct equilibrium has been gen-
erated (e.g. mode 1 buckling). This response also corresponds to the untrapped
motion in Figure 6.11C.
In both cases, any intermedial value of F may result in a chaotic response,
which is highlighted in red in Figure 6.11. For the forced pendulum this physically
results in a temporally chaotic motion and for the elastica results in a spatially
chaotic response. In the case of the elastica, this means that localised post-buckling
solutions (loops) may form at one or multiple locations along the length, and the
exact sequence of these is unpredictable. Extrapolating this understanding to the
current discussion of shell structures it is clear that similarities exist. Owing to
their susceptibility to imperfections (i.e. small non-zero values of F ), predicting
the structural response (i.e. first buckling load) of shell structures has traditionally
proved difficult. The seeded geometries used in [59, 104] use large values of F and
recover the untrapped response.
In employing modal nudging it is postulated that the nudged structures bypass
the chaotic regions entirely, thus exploiting the inherent stability of the untrapped
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motion. Further elucidating this analogy will be the topic of future work.
6.6 Conclusions
The response of two axially-compressed cylindrical shell panels was studied by
means of a displacement-controlled finite element procedure. One panel was
pinned on all four edges (PPPP) and the other was clamped at the two curved
ends to prevent rotation on the loaded edges (CCPP). By making use of numer-
ical continuation procedures, we present new insights into the complexity of the
characteristics of stability of the shell by providing a comprehensive exploration
of the post-buckled structural response. The observed complexity shows signs of
“spatial” chaos with a vast number of critical points, entangled equilibrium paths
and an exponentially increasing number branching points.
Furthermore, we uncover a number of stable equilibrium solution paths deep
in the post-buckling régime that are more desirable—in terms of increased load-
carrying capacity, increased compliance or increased stability—than the baseline
response of the PPPP and CCPP panels. It is possible to exploit the inherent
advantages of these desirable stable solution paths by employing the previously
introduced modal nudging technique, which modifies the baseline geometry based
on the mode shapes of the desirable stable solutions.
By using modal nudging, well-behaved shell structures are recovered whose
load-carrying capacity, compliance and stability are improved when compared di-
rectly to the original structure. It is noted that the post-buckled response from
one structure (e.g. PPPP) can also be used to improve the response of the other
(e.g. CCPP). For both PPPP and CCPP, the greatest increase in compliance and
load-carrying capacity was observed for nudge-VI, which corresponds to a state
from the post-buckled régime of PPPP. The robustness of this method however is
yet to be determined, further work will focus on the nudged structures’ suscepti-
bility to stochastic imperfections. Therefore, a design engineer could not rely on
this increased capacity without further experimental validation.
Modal nudging involves a minor alteration of the original undeformed shell ge-
ometry. The panel’s load-carrying capacity can be increased by 246% and 229.5%
for PPPP and CCPP, respectively, when compared to their original response.
Furthermore, increases in normalised compliance from 0.57 to 16.31 and from 0.59
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to 16.00 is respectively observed for the PPPP and CCPP panels. These gains
of load-carrying capacity and compliance are generated from an alteration to the
original geometry exceeding no more than 75% of the total thickness for the PPPP
panel, and 49% of the total thickness for the CCPP panel, which equates to a ge-
ometry change of only 0.75 mm and 0.49 mm, respectively. Most importantly, all
nudges to desirable states transformed the bifurcation behaviour of the shells from
subcritical to supercritical, thereby eliminating imperfection sensitivity. However,
this improved performance in terms of load-carrying capacity, compliance and sta-
bility comes at the cost of an earlier onset of nonlinearity compared to the baseline
designs.
Additional design drivers, such as the yield limit, were not taken into account
during this work owing to the fact that the additional compliance is derived from
localised bending as opposed to in-plane strain energy. However, these are factors
to consider to uncover more practical stable shell designs. This will be a topic for
future research.
Chapter 7
Conclusions and Future Work
7.1 Review of the research objectives
The overarching aim of this dissertation was to illustrate that embracing nonlin-
earities in structural design can improve the functionality of structures. These
improvements came in the form of load-carrying capacity, compliance, and/or sta-
bility.
The objective of this dissertation was therefore to develop a greater under-
standing of structural (in)stability and geometric nonlinearities by making use of
the generalised path-following technique. Particular focus was placed on altering
the initial stress-free geometry of a structure to improve its functionality resulting
in the design of “well-behaved” nonlinear structures.
7.2 Research contributions
A particular novelty of the work is the introduction of modal nudging, an inter-
esting and inherently nonlinear design approach that has the potential of greatly
improving the capacity of structures without any significant increase in mass.
Herein, modal nudging has been applied to simple frame structures and also to
more complex shell structures. In both cases significant improvements to stabil-
ity, compliance and load-carrying capacity have been made. Furthermore, the
inclusion of nonlinear kinematics in the design of shallow arched structures have
resulted in an optimised design whose geometry is marginally altered.
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Previous work by Hu and Burgueño [104] on shell structures with seeded imper-
fections shows that the post-buckling capacity of shell-like structures is diverse,
and that the response is often complex in nature [207]. The application of the
generalised path-following technique has provided significant insight into the com-
plexity that exists in thin-walled and slender structures. Furthermore, employing
the modal nudging method to shell structures enables the design engineer to make
use of the post-buckled load-carrying capacity and thus design well-behaved shell
structures avoiding the aforementioned complexities.
There are however limitations to such methods, namely, the structures must
first be overdesigned in some way i.e. possess some structural redundancies such
that there exist stable post-buckled equilibrium paths that can be exploited by
the design engineer. This is relatively straightforward for frame structures but
may prove more challenging for shell structures. Another limitation is the fact
that only elastic instabilities have been considered throughout this thesis. To pre-
dict the behaviour and design structures whose response is truly well-behaved the
elasto-plastic response should be considered. In that regard, modal nudging could
also benefit structures susceptible to material nonlinearity or mode interaction.
For the former, the modal nudging approach could be used in a similar vein to
pre-tensioning or pre-cambering by favouring a more desirable mode shape over
another. For the latter, nudging could be used to break a pitchfork bifurcation—
where modal interaction would take place—to favour one over the other. The
extent of the benefits of modal nudging to material nonlinearity and modal inter-
action has not been investigated here and will therefore remain a topic for future
work.
In chapter 5 another limitation of the modal nudging technique was noted.
In the nudging procedures presented herein, we focused on structural improve-
ments for one specific load-case. In reality, however, a structure may be expected
to withstand multiple loading conditions, or loading imperfections may exist in
the system. How modal nudges affect these two phenomena is unknown and are
therefore assigned to the category of “future work”.
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7.3 Future work
The findings presented herein have potentially opened up a new field of research,
the concept of nudging could prove to be a useful tool in a wide range of con-
servative systems. The initial focus of future research will be placed on ensuring
that these theoretically predicted results relay into equally efficacious outcomes
in practice. Thus defining a manufacturing and experimental project will be of
primary importance.
Nudging has thus far been applied in the form of a negligible modification
to initial geometry, but may equally be extended to small variations in material
properties. For example, the effects of nudging could be explored by virtue of
stiffness tailoring with variable-angle-tow steering [192], or alternatively, by a more
rudimentary method of locally changing the bending stiffness in areas of interest by
applying a small patch of material on predefined locations along the shell structure.
The aim of the latter is to reposition the neutral axis locally to create the same
effect as a geometric nudge does.
Furthermore, in Chapter 5 it was suggested that the nudging of frames is only
possible whilst the frames exhibit some structural redundancies in the form of
additional cross-members, however the addition of extra members will undoubtedly
increase the overall cost of construction. The additional members may cost more,
but they also provide more scope for nudging. Therefore the optimization of such
structures proves an interesting topic of research.
In Chapter 6 it was highlighted that currently it is unknown as to the robust-
ness of these nudged shell-structures. Owing to the inherent imperfections caused
by manufacturing defects in conjunction with the diminutive nudge-imperfection,
it would not be difficult to assume that the nudged structures may also be sus-
ceptible to stochastic imperfections. Therefore in order to validate the numerical
response of these nudged structures further experimental work needs to be under-
taken.
To ensure robustness in the design of nonlinear structures, particularly those
incorporating a “snapping” phenomena, a static analysis may prove to be insuf-
ficient. It is therefore prudent to evaluate the structure in a dynamic setting.
Dynamic modelling of nonlinear structures is particularly suited to the current
discussion owing to the use numerical continuation algorithms in this area [172].
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Finally, even though the generalised path-following technique has shown great
promise in the development of geometrically nonlinear structures, its extension to
other problems, such as fracture, has not been considered. Exclusively discussed
herein are the equilibrium solutions within a load-displacement-parameter-space
whereby critical points are solved and traced. However, the technique could equally
be applied to problems which require the analysis within an energy-displacement-
parameter-space. Fracture mechanics related problem are likely to benefit from
this presentation. The inclusion of an additional bounding equation defining the
Griffiths energy release rate [215] for example would result in paths in 3D space
following the Griffiths criterion with the parameter relating to crack length in some
way (number of, length, position of cracks, etc).
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